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Master's Thesis in Computational Logic

Value Orderings based on Solution Counting

by

Jean Christoph Jung

Supervision

Prof. Pedro Barahona

George Katsirelos

Lisbon

September 30, 2008





Declaration

I hereby declare that I wrote this thesis by myself, only with the help of the referenced
literature.

Jean Christoph Jung

i





Acknowledgements

In autumn 2007 I spent three months as a visitor at NICTA, Sydney. In this time my
interest for the area of constraint programming was sparked. When I left, we continued
the collaboration in two directions: �rst, we published a paper about compiling DNNF

theories to SAT, and second, in the present thesis about solution counting and value
ordering heuristics. I want to thank Toby Walsh and George Katsirelos, my supervisors
from NICTA, for the possibility to work with them and for the support they gave me
during my stay in Sydney and during creation of the thesis.
I owe thanks to Prof. Pedro Barahona who supervised my work here in Lisbon. Special

thanks go to Marco Correia whose CSP solver I used and who supported me extraordi-
narily during my implementation. I want to thank also Valentin Mayer-Eichberger for
both moral and scienti�c assistance.

iii





Abstract

Constraint satisfaction problems are typically solved using backtracking search. One
key issue for backtracking is the selection of a good value, but comparably little e�ort
was dedicated to this topic . Another important aspect of constraint programming
besides looking for one solution is counting solutions either in the whole problem or in
single constraints. Recent works give �rst ideas how to exploit the advances in solution
counting in designing better value ordering heuristics. With this thesis we want to
elaborate these in more depth.
We intend to make two main contributions. First, we provide a novel approach for

solution counting in individual constraints, which results in a di�erent view on count-
ing in regular constraints and in counting algorithms for extensional and grammar

constraints. Second, we consider the problem of a good value selection from di�erent
perspectives and derive several value ordering heuristics based on solution counting. We
evaluate both the counting and the heuristics by solving rostering problems modelled
with grammar and regular constraints.
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1 Introduction

1.1 Motivation

There are two possible points of view on solution counting: either we aim to determine
the number of solutions of the whole proplem or we count solutions in single constraints.
Both approaches have applications in belief revision [Dar01] or value ordering heuristics
[ZP07, HKBM07, KDG04], but in this thesis we will restrict our attention to counting
solutions in individual constraints.

The notion of solution counting in constraints captures both calculating the number
of tuples that satisfy the constraint and determining the number of satisfying tuples
when one variable is �xed. In general the counting problem is harder than pure con-
straint propagation, since counting in our sense performs also propagation. Of particular
interest are counting algorithms for global constraints, because they contain more in-
formation about the structure of the problem. Recent works proposed algorithms for
counting, for instance in regular and alldifferent constraints [ZP07]. In this thesis,
we count solutions in regular, extensional, and grammar constraints by translating the
constraints to logically equivalent formulas in sd-DNNF, a speci�c class of propositional
formulas, and bene�t from a linear model counting algorithm in this class.

Solution counting can, in a sense, be considered as a look-ahead technique. For-
ward checking, for example, instantiates a variable Xi and observes the domains of the
variables adjacent to Xi in the constraint graph. Solution counting provides us with
information about how many models a constraint will have after a certain assignment.
On the one hand, the techniques are incomparable, because solution counting does not
give us any concrete information about prunings and FC might detect some prunings,
but does not foresee the changes regarding the constraint. On the other hand, both
provide information about the future problem; either about the domains or about the
constraints. Frost and Dechter [FD95] proposed value orderings that exploit informa-
tion obtained from forward checking, so it seems obvious that we can de�ne good value
orderings based on solution counting.

Our motivation is that, if a value ordering selects more likely the correct value for
a variable, we can substantially decrease the search costs for �nding a solution. As an
example consider a constraint with 100 supports such that X = 4 is true in 90 of them.
Intuitively, it is likely that X = 4 is also true in a solution. Based on this and several
other observations we formulate and justify some new heuristics.
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1 Introduction

The thesis is structured as follows: In the rest of Chapter 1 we introduce the no-
tions and notations that we are using throughout the work. Further we provide some
background knowledge of backtrack search and global constraints. In Chapters 2 and 3
we present our main contributions, namely our approach to solution counting and new
value ordering heuristics. In Chapter 4 we evaluate the heuristics by solving rostering
problems. In the last chapter we discuss our approach, conclude and point to future
work.

1.2 Constraint Satisfaction Problems

In this section we provide all the de�nitions and concepts of constraint satisfaction
problems that are necessary in this dissertation. We illustrate the basic de�nitions on
some examples.

A constraint satisfaction problem (CSP) is a tuple 〈V,D,C〉 consisting of a set of
variables V = {X1, X2, . . . Xn}, corresponding �nite domains D = {D1, D2, . . . , Dn}
and a set of constraints C. The domain Di of a variable Xi is the set of allowed values for
the variable and we denote domain elements with lowercase letters. A constraint C ∈ C

is a relation on the domains of a ordered set of variables {X1, X2, . . . , Xk}, written as
subset of the Cartesian product of the domains C ⊆ D1 × . . . × Dk. The variables a
constraint C operates on are called scope of C and written scope(C). The arity of a
constraint is |scope(C)| = k. Conversely, the number of constraints that have variable
X in their scope is called the degree of X. A tuple u = (u1, . . . , uk) satis�es a constraint
C if u ∈ C, otherwise it violates the constraint. Every tuple u ∈ C is called a support

of C. We de�ne the notion of an assignment v to be a set {X1 = d1, . . . , Xk = dk} that
assigns values to some variables. We call the assignment partial if it does not cover all
variables.

A solution of a CSP is an assignment of values to all variables that satis�es all con-
straints. We call a CSP satis�able if it has at least one solution and unsatis�able other-
wise. A (partial) assignment v is inconsistent if a polynomial time inference mechanism
(called propagator) can detect that this (partial) assignment can not be part of any so-
lution. For a CSP P we de�ne a hypergraph GP . Every variable of the CSP corresponds
to a vertex in the hypergraph and for every constraint with scope {X1, . . . , Xk} there
exists a hyperedge between the vertices corresponding to X1, . . . Xk.

Constraints can be speci�ed extensionally or intensionally. An extensional constraint
is just given by the set of allowed or forbidden tuples and often called table constraint
(see Example 1.1). In the future we will refer to a table constraint also with extensional

constraint. Intensional constraints impose a special structure on the variables in their
scope, e.g., the alldifferent constraint [Rég94] restricts the variables in its scope to
take pairwise distinct values. Example 1.2 shows an example of a constraint de�ned
intensionally.
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1.3 Solving Constraint Satisfaction Problems

Example 1.1. Consider variables X1, X2, X3, X4 with equal domains Di = {1, 2, 3, 4}.
Then we can specify a 4-ary constraint by explicitly enumerating all allowed tuples. We

can represent them as a table:

X1 X2 X3 X4

1 1 1 2
2 1 3 4
3 2 2 3
2 3 4 1
2 4 1 1

Table 1.1: Extensional speci�cation of a constraint.

Example 1.2. Let X1, X2, X3, X4 be variables with D1 = D2 = D3 = {1, 2, 3} and

D4 = {1, 2, 3, 4}. The constraint C1 = alldifferent(X1, X2, X3, X4) constrains the

variables to take di�erent values, i.e., the assignment X1 = 1, X2 = 2, X3 = 3, X4 = 4
would satisfy C, whereas the assignment X1 = X4 = 1, X2 = X3 = 2 would not satisfy

the constraint.

The distinction between binary constraints (arity 2) and non-binary constraints (arity
greater than 2) is often made in the literature. Every non-binary CSP can be reformu-
lated as constraint satisfaction problem using only binary constraints. This is a well-
known result and there exist various techniques for the translation [DP89, BCvBW02].
However, there are constraints with no �xed arity, like alldifferent, which are called
global constraints, because they can impose restrictions on arbitrarily many variables
and hence impose a global structure on them. Constraints with �xed arity are called
primitive constraints. We will see later (Section 1.4) that global constraints play a
central role in the area of constraint programming.

1.3 Solving Constraint Satisfaction Problems

The objective of constraint programming is to solve CSPs, i.e., to �nd an assignment
of values to all the variables that satis�es all constraints. In general, it can be easily
shown that solving CSPs is NP-complete [GJ79] by reduction from the SAT problem.
Evidently, the SAT problem can be written as CSP: Propositional variables map to
�nite domain variables with domain {0, 1} and each clause is mapped to a constraint
that allows only tuples that would evaluate the clause to true. Now, every solution to the
CSP is also a solution to the SAT problem, thus CSP is NP-hard. On the other hand,
it is also in NP because we can construct a nondeterministic Turing machine that �rst
�guesses� an assignment and then approves that it satis�es all constraints in polynomial
time. Having established NP-hardness and containment in NP we conclude that CSP is
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1 Introduction

NP-complete. So we cannot expect a general algorithm which solves all classes of CSPs
in acceptable (polynomial) time, unless P=NP.

On the contrary, di�erent algorithms for solving CSPs have been proposed. We can
identify several classes like backtracking, constraint propagation, local search, structure
driven search and bucket elimination algorithms. Most local search algorithms are based
on �ipping variables such that as few as possible constraints are unsatis�ed. A prominent
example for local search is GSAT [SLM92] which solves SAT problems, but also in pure
CSP settings considerable e�ort was made [FPDN05, vHM05]. Structure driven search
algorithms rely on the special, in most of the cases treelike, structure of the problem, see
for instance [MF85] or, more recently, [CJS08]. Bucket elimination [Dec99] is a general
algorithm that can also be used to solve CSPs. However, here we deal only with the
notion of backtrack search and propagation.

1.3.1 Backtrack Search

The idea of backtrack search is to explore the search space systematically with the
following approach. The procedure starts with an empty variable assignment and assigns
values to the variables one by one until all variables got a value. When all variables in
the scope of a constraint are instantiated, the algorithm checks whether the assignment
satis�es the constraint. If so, it continues with instantiating more variables, otherwise
backtracking is performed, i.e., the algorithm goes back to the last variable that has a
value which was not yet tried, assigns this value and proceeds with the other variables. If
all variables are instantiated the assignment is a solution to the CSP. If the algorithm can
not instantiate all variables without failure, the CSP is unsatis�able and the algorithm
returns failure. Algorithm 1.1 shows this procedure. This algorithm exhibits exponential
time worst case behaviour, because it systematically enumerates all possible assignments
in the worst case. On the other hand it requires only linear space.

Several crucial points are left open in Algorithm 1.1. Spending more e�orts on them
may tremendously speed up the algorithm, although still being worst case exponential.
These points are:

- Line 3: the selection of the next variable Xi, the variable ordering,

- Line 4: the order obeying to which the values of Di are enumerated, the value

ordering,

- Line 6: we can perform even more work before instantiating the next variable, a
family of techniques that are collectively referred to as look-ahead,

- Line 9: sometimes we can jump back further instead of only one step, or learn
from the failures committed. We call these techniques look-back strategies.

4



1.3 Solving Constraint Satisfaction Problems

Algorithm:backtrack(P, v)
input : A CSP P with variables X1, . . . , Xk and a partial assignment v
output: A solution to the CSP or failure

if all variables have an value assigned then1

return v;2

Xi ← unassigned variable from X1, . . . , Xk;3

foreach d in Di do4

v ← v ∪ {Xi ← d};5

if the (partial) assignment v is consistent then6

if backtrack(P, v) succeeds then return solution;7

v ← v \ {Xi ← d};8

return failure;9

Algorithm 1.1: Backtrack search.

Varying each of these parts yields new variants of backtracking exhibiting di�erent,
possibly better behavior. Look-back strategies try to jump back further than one step
as in the original algorithm (for instance backjumping and several variations [CvB01])
or try to avoid some consistency checks (e.g. backmarking [Gas77]). For an extensive
overview over these techniques see [Fro97]. Look-ahead techniques try to prune values
from the domains of variables that are not possible anymore given the partial assignment
so far. We do not consider look-back techniques here, but rather give a short introduction
into look-ahead and constraint propagation, respectively. More important for our work
are variable and value orderings (Sections 1.3.3 and 1.3.4).

1.3.2 Look-ahead Techniques

One problem of the backtracking algorithm proposed so far is that inconsistencies are
identi�ed very late. This causes the algorithm to explore more of the search tree than
necessary, i.e., if a partial assignment logically implies empty domains for not yet as-
signed variables, it is redundant to search further, because the current partial assignment
cannot be extended to a solution. On the other hand, it might be that assigning a value
to a variable implies that some values of other variables can be removed from their
domains, hence it is not necessary to test these choices later on in search. If we include
these inferences into search, we interleave reasoning with search. The reasoning takes
place locally on the level of the constraints (in contrast to global reasoning on the level
of the whole CSP). The process of local reasoning is called (constraint) propagation, a
procedure that performs it propagator or local �lter. Example 1.3 illustrates the idea.

5



1 Introduction

Example 1.3. Let X1, X2, X3 be variables of a CSP with constraints C1 = (X1 6= X2),
C2 = (X2 6= X3) and C3 = (X1 6= X3). Further, assume domains D1 = {1, 2, 3},
D2 = {1, 2} and D3 = {1, 2}. Suppose we use the backtracking algorithm from Figure

1.1 with a variable ordering choosing X1, X2 and X3 in this order and the value ordering

selecting 1 before 2 and 3. In the �rst step, the algorithm would choose variable X1 with

value 1 and would then proceed with extending the partial assignment with values for X2

and X3. However, direct implications of X1 = 1 are X2 = 2 (by C1) and X3 = 2 (by

C3), so no more search is necessary. Trying to infer more, we can detect even the failure

in C2 because X2 = 2 = X3.

The example shows how logical local reasoning can enhance the power of search and
prune e�ectively the search tree. The action of removing inconsistent values from do-
mains is referred to as (domain) pruning.

In practice, it has to be considered how much overhead by reasoning is worth doing
at every point of search, because it might be expensive. In fact, the extreme case would
be that we can solve the CSP without any search but only by logical reasoning, but also
this is not possible in polynomial time in general. We concentrate here on two basic
notions, namely forward checking and generalized arc-consistency and choose the latter
one in our setting.

Assume the backtracking algorithm chose Xi = v to be the next assignment. For-
ward checking (FC) [HE80] looks for all variables Xk1 , . . . , Xkm that appear together
with Xi in the scope of some constraint. FC computes the consistent values for these
variables assuming the extended assignment. In Example 1.3 this process matches to
the �rst implication, namely X1 = 1 implies X2 = 2 ∧ X3 = 2. However, FC would
not detect the failure in that example, because it is not a direct implication, but only
implied by an intermediate step. In general, variables that are not connected with the
currently elected variable are not a�ected by forward checking. The changes to be made
compared to Algorithm 1.1 are minor: The consistency checks in line 6 can be omitted
and be anticipated by forward checking the extended partial assignment. Note that
for some problems the normal backtracking algorithm can outperform FC, because the
checks that are made do not e�ect any pruning [BG95]. For example, take a run of
backtracking which �nds the solution in the very �rst branch of the search tree. In this
case FC does not a�ect the selections backtracking would make and hence would per-
form unnecessary consistency checks. Bacchus and Grove [BG95] investigated also the
relationship between FC and look-back techniques like backmarking and backjumping
in depth. Even in the class of forward checking algorithms there are several grades that
di�er with respect to the extent of look-ahead they perform [BMFL02].

As we have seen, forward checking would infer only the �rst implication in Example
1.3. To conclude also the second implication we have to use a stronger notion instead
of FC. After introducing the notion of generalized arc-consistency in De�nition 1.4, we
extend Examples 1.1 and 1.2 from the previous section to illustrate the idea.

6



1.3 Solving Constraint Satisfaction Problems

De�nition 1.4 (Generalized Arc-Consistency).

A constraint C with scope {X1, . . . , Xk} is called generalized arc-consistent (GAC) i� for

every variable Xi and every value d ∈ Di there are values d1, . . . , di−1, di+1, . . . , dk such

that (d1, . . . , di−1, d, di+1, . . . , dk) satis�es C. If C is binary we call this property arc-

consistency. A CSP is called generalized arc-consistent i� every constraint is generalized

arc-consistent.

Example 1.5. Recall the table constraint over variables X1, X2, X3, X4 from Example

1.1:

X1 X2 X3 X4

1 1 1 2

2 1 3 4

3 2 2 3

2 3 4 1

2 4 1 1

Only the values 1, 2 and 3 occur in the column for X1. Having a domain D1 = {1, 2, 3, 4},
obviously X4 = 4 is inconsistent, because this constraint has no support for value 4. An
algorithm that maintains GAC on this instance would prune 4 from D1.

Example 1.6. Assume a constraint alldifferent(X1, X2, X3, X4) with D1 = D2 =
D3 = {1, 2, 3} and D4 = {1, 2, 3, 4}. We observe that the variables X1, X2, X3 all have

the domain {1, 2, 3}. Since each of these variables has to take a value and all have to

be distinct, we conclude that no other variable can take either of the values 1, 2 and 3.
Thus, maintaining generalized arc-consistency would remove 1, 2 and 3 from D4.

We can see that maintaining GAC achieves more domain prunings than forward check-
ing. On the other hand, the algorithms for maintaining GAC involve more computational
overhead. For example, achieving GAC on the alldifferent constraint is in O(dn

√
n),

where n is the number of variables and d the largest domain size [Rég94]. For extensional
constraints several algorithms were proposed that make use of sophisticated data struc-
tures in order to perform as few checks as possible [BC93, HDT92, CY06]. However,
the overhead in comparison to FC seems to pay o�, since maintaining arc-consistency
algorithms outperform forward checking algorithms on hard problems [BR96].

1.3.3 Variable Orderings

The impact of an appropriate variable ordering has been recognized early. Beginning
with the famous article by Haralick and Elliott [HE80] a lot of research has been done to
�nd good orderings. Being �good� is speci�c to the CSP under consideration, i.e., a good
ordering for one problem is not necessarily well suited for all problems. Nevertheless,
there are some general principles underlying all the heuristics.

7
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X1

X2

X3 X3 X3

X2

X3 X3 X3

Figure 1.1: Search tree for X1 ≺ X2 ≺ X3.

X1

X2

X3 X3 X3

X2

X3 X3 X3

X2

X3 X3 X3

X2

X3 X3 X3

Figure 1.2: Search tree for X3 ≺ X2 ≺ X1.

In the following we denote by Xi ≺ Xj that the variable ordering chooses Xi before
Xj . We consider �rst a classical example to show the impact of the variable ordering.
Assume a CSP with 3 variables X1, X2, X3 with respective domain sizes 2, 3 and 4.
Then the search tree explored by backtracking changes its size with changing variable
orderings. Figures 1.1 and 1.2 illustrate the di�erent sizes with respect to the orderings
X1 ≺ X2 ≺ X3 and X3 ≺ X2 ≺ X1. We observe that the search tree has 9 (inner) nodes
for the �rst ordering and 17 for the second. If look-ahead is desired after assigning
a value, we should try to minimize the inner nodes, because look-ahead is performed
exactly there. Also note that the outdegree of nodes in high levels (close to the root)
has the most impact on the size of the search tree. So it is very important to make
good choices in the beginning. To adhere this principle it is reasonable to do some work
before the actual search to �nd better initial choices.

Basically, we can distinguish between static and dynamic variable orderings. Static
means that the ordering is �xed before search, whereas dynamic orderings can change
during search. In particular, there may be di�erent variable orderings on di�erent
branches of the search tree. Dynamic orderings are usually more �exible than static
ones, but it may be that for certain classes of problems a static ordering outperforms
all currently known dynamic orderings.

8



1.3 Solving Constraint Satisfaction Problems

In the following we describe some variable orderings (we also call them variable or-
dering heuristics or just heuristics) and discuss their justi�cations. Most of them try
to pursue the fail-�rst principle [HE80], which can be expressed in various forms, for
instance

to succeed fast, try �rst where you are most likely to fail

or

try to solve �rst the hardest sub-problems

or, as in the original paper,

try to minimize the expected depth of failure.

The �rst formulation seems counter-intuitive at �rst sight, because actually we do
not want to fail, but �nd a solution. Yet the right intuition is that we want to discover
failures as early as possible. The fail-�rst principle was re-investigated twice in [SG98]
and [BPW04]. They reject the original fail-�rst principle by demonstrating that failing
early at any price might decrease the average depth for failures on the one hand, but on
the other increase the branching factor in search (thus the overall costs). They refuted
to follow the principle at any cost; yet the weaker variant � detect failures early in search
� is still valid.

Minimum domain ordering

The minimum domain ordering heuristic orders the variables increasingly with respect to
their domain size. This heuristic can be justi�ed by the following probabilistic reasoning
[SG98]: We assume the probability for an assignment to fail being a constant p. The
probability that the assignment for a speci�c variable Xi fails is the product of this
probability over all values in Di:

P (assignment to Xi fails) =
∏

d∈Di

p = p|Di| (1.1)

To maximize this (following fail-�rst) we have to choose the variable with the smallest
domain. We refer with dom to this heuristic.

Maximum degree ordering

Another measure of �hardness� of a variable is the number of constraints it is involved
in. Intuitively, the more constraints restrict the variable the harder it is to �nd a value
for this variable. Hence, a variable ordering that chooses the variable with the maximum
current degree was proposed in [BR96]. We call this heuristic deg.

9



1 Introduction

Domain over degree

Experiments showed that deg works good on sparse problems, whereas it is outperformed
by dom on dense problems. We can combine the strengths of the two and construct a
heuristic which chooses the variable that minimizes the quotient of domain size and
variable degree [BR96]. We call this heuristic dom/deg. The intuition behind dom/deg
is to follow both dom (the smaller the domain size the smaller is also the quotient) and
deg (the higher the degree of a variable the smaller is the quotient).

Weighted degree heuristics

Another approach to �nding hard sub-problems is to learn from past failures that oc-
curred in search. In particular, we can identify constraints that fail more often than
others. Variables involved in these should be selected early to detect possible failures
as soon as possible. We attach a weight to each constraint [BHLS04]. The weight is
initialized to 1 for all constraints. Every time a constraint fails its weight is increased
by a certain number, 1 in the simplest case. The heuristic Boussemart et al. [BHLS04]
propose, called wdeg, selects the variable Xi with the highest weighted degree wdeg(Xi).

wdeg(Xi) =
∑
{weight(C) | Xi ∈ scope(C) ∧ |V arsf (C)| > 1} (1.2)

where V arsf (C) denotes the number of non-ground variables in the scope of C. We
can apply the idea of introducing a quotient between domain size and degree also here,
yielding dom/wdeg, a heuristic that minimizes the quotient of domain size and weighted
degree. Note that the weighted degree coincides with the normal degree if all constraints
have weight 1. The heuristic can be improved on by running some probing before the
actual search, i.e., performing some (possibly random) search with restarts to update
the weights such that they identify the hard parts of the problem [GW07]. After these
initial runs a �nal search run directed by the computed weights is performed.

Ties

In practice, heuristics often end up with ties, e.g., many variables have the same mini-
mum domain size. Instead of choosing one of these variables arbitrarily, we can break
ties using another heuristic. In this way we obtain for example the Brélaz heuristic (Bz)
that breaks ties of dom by selecting the variable with the highest degree [Bré79].

Other orderings

Two more strategies which attracted recently attention, but are not of particular im-
portance for this dissertation are impact-based variable ordering and neighborhood-based

variable ordering heuristics. The �rst one, coming from integer programming, is based
on computing impacts of assignments which measure its search space reduction [Ref04].
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1.3 Solving Constraint Satisfaction Problems

It looks for the variable with the highest impact to reduce the search space most. Also
this strategy can be improved on by computing an approximation of the impacts before
search (for example by doing several random runs and restarts). The second heuristic is
not taking into account only one variable but also its neighborhood, i.e., the variables
connected to it in the constraint graph [BCS01]. The intuition is that not one variable
alone is hard to satisfy, but most of the time a group of connected variables. Considering
also the neighborhood tries to exploit this property. This heuristic may in principle be
combined with most of the other heuristics described here.

1.3.4 Value Orderings

Whereas considerable e�ort was made to develop sophisticated look-ahead, look-back
and variable ordering strategies, only a few value orderings were proposed. The reason
for this is not quite clear, because looking at the proof for containment in NP the
in�uence of value ordering becomes self-evident. Assume the value ordering heuristic
was able to make good choices for the values. In the optimal case, i.e., the heuristic
chooses always the right value, the algorithm would �nd a solution in a backtrack free
manner, namely in the �rst branch of search. In relaxation of this we can say that
making good choices for the values might help a lot in �nding a solution fast.
In general, value orderings do not help in proving unsatis�abily1 of a problem faster

or to enumerate all solutions, because in either case the search tree as to be explored
exhaustively. Only in settings where we are interested in one solution of a satis�able
problem a good value ordering is helpful.
Some work has been done though for value orderings with look-ahead [FD95]. In

particular, before choosing a value, forward-checking is performed for every domain
element and the values are selected depending on the domain prunings they caused.
Two heuristics Frost and Dechter [FD95] proposed are:

- choose the value that causes the least pruning from future variables' domain, and

- to choose the value that causes as few as possible small domains for future variables
(along with di�erent methods of tie-breaking).

Other approaches try to estimate the solutions in the sub-space, for example using
some kind of relaxation, and choose the value that admits the most solutions [DP87].
They all follow the general principle of value orderings. Conversely to variable or-

derings, where in general a variable is selected that is most constrained, a good value
ordering chooses the value that constrains the future problem least. This is reason-
able, because after all we want to �nd a solution and this is more likely if variables are
instantiated with values that leave most possibilities for future variables.

1This is not entirely true. Dechter and Frost [FD95] show that in combination with back-jumping the
size of the search tree is a�ected by the value ordering (Theorem 1).
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1 Introduction

Recent approaches suggest the usage of solution counting, be it exact or approximated
to select a value [ZP07, KDG04, HKBM07]. We will describe these works in more detail
in Chapter 3.

1.4 Global Constraints

The success of constraint programming is in part due to the existence of global con-
straints. They are characterized by accepting an arbitrary number of variables (often
in form of a sequence) and are used to express global properties of the problem. A big
advantage of global constraints is that they can be seen as unit and, thus, can possibly
achieve more inference than using a set of primitive constraints with the same logical
meaning. A common instance of this proposition is the alldifferent constraint. In
Example 1.7 we show the enriched propagation owed to the global point of view.

Example 1.7. Consider again the constraint alldifferent(X1, X2, X3, X4) with do-

mains D1 = D2 = D3 = {1, 2, 3} and D4 = {1, 2, 3, 4} from Example 1.2. As shown

in Example 1.6, a GAC algorithm would prune 1,2 and 3 from D4. On the other hand

alldifferent(X1, X2, X3, X4) is logically equivalent to the conjunction of inequalities:∧
1≤i<j≤4

Xi 6= Xj (1.3)

In this (decomposed) problem every single inequality is GAC, so the instance is GAC

and no domain pruning is achieved!

Another bene�t of global constraints are enhanced modelling possibilities, because we
can concisely express global properties. Two global constraints, regular and grammar,
that show these good properties are described in the next sections.

1.4.1 The regular Constraint

The constraint regular([X1, . . . , Xk],A) over a sequence of variables [X1, . . . , Xk] states
that they have to constitute a word from a regular language given by the deterministic
�nite automaton (DFA) A. The constraint was �rst proposed by Pesant [Pes04] who
also gave a propagator that achieves general arc-consistency. Later, an incremental
algorithm for solution counting and general arc-consistency was added [ZP07]. Regular
languages can be used in shift scheduling problems to express that employees are not
assigned to the hardest work, for instance a night shift, on two consecutive days. In
Example 1.8 we illustrate how to model regular constraint.
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q0 q1

a

b

b

Figure 1.3: A DFA for the regular language L.

Example 1.8. Let L be the regular language that accepts words over the alphabet {a, b}
such that there are no consecutive symbols a. This language can be modeled by a regular

expression L = (ab+b)∗(a+ε) or the automaton A depicted in Figure 1.3. The constraint

regular([X1, X2, X3],A) supports the assignments (X1 = b,X2 = b,X3 = b) and (X1 =
a,X2 = b,X3 = a), but not (X1 = b,X2 = a,X3 = a), because the automaton has no

path with two consecutive a's.

Note that we consider only �nite sequences of �nite domain variables here, so every
language can be viewed as �nite. Since every �nite language is also regular, we can
express any property with regular constraints. The classical example of a language
that is not regular, L = {anbn | n ≥ 0}, becomes regular if we add the restriction
that every word has to have �xed length. However, this might yield a large number of
states such that both modelling the automaton and propagating this constraint might be
impractical. Another restriction of this version of regular is its limitation to deterministic

automata, because there exist languages that can be modelled by non-deterministic
automata which are exponentially smaller than the smallest DFA.

1.4.2 The grammar Constraint

Once the regular language membership constraint was proposed, it was a logical next
step to go up in Chomsky hierarchy, to context-free grammars (CFG), to look for
even better modelling tools. So, shortly after regular, the grammar constraint along
with propagators that achieve generalized arc-consistency was published [QW06, Sel06].
Given a sequence of variables [X1, . . . , Xk] and a context free grammar G, the constraint
grammar([X1, . . . , Xk], G) supports only evaluations of the Xi's that establish a word in
L(G), or more formally

grammar([X1, . . . , Xk], G) = {(d1, . . . , dk) ∈ D1 × . . .×Dk | S 7−→∗ d1 · · · dk} (1.4)

In Example 1.9 we illustrate the modelling with CFGs. For the algorithms in Section
2 we assume that the grammar is in Chomsky normal form, i.e., all productions are of
the form L −→ AB or L −→ a. Chomsky normal form is only a syntactical restriction,
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1 Introduction

because every grammar can be transformed in linear time into a equivalent one that is
in Chomsky normal form. However, in the examples we may use general rules for the
sake of convenience.

Example 1.9. Another non-regular language is L = {anbm | n,m ≥ 1, n 6= m}, but we
can easily model L with a context-free grammar. Let G be a CFG with productions P =
{S −→ aS1|S2b, S1 −→ aS1|aS1b|ε, S2 −→ S2b|aS2b|ε}. Obviously L(G) = L, because in
the �rst step (nondeterministically) S1 or S2 is derived. After that S1 (S2) simply makes

sure that more a's (b's) are created. Stating the constraint grammar([X1, X2, X3, X4], G)
allows the tuples (a, b, b, b) and (a, a, a, b) but not (a, a, b, b).

In [QW07] an improvement with respect to modelling was introduced, namely con-

ditional productions. With their help we can restrict derivations of symbols to have a
certain length or to start at a certain position. Consider a production rule L −→ AB.
We attach three Boolean functions fL, fA, fB to this rule, one for each nonterminal sym-
bol. From symbol A, for instance, a word of length j can than only be derived starting
from position i, i� fA(i, j) is true. For rules A −→ a we have only one unary Boolean
function that conditions A. Conditional productions do not increase the expressivity
but facilitate modelling, as shown in Example 1.10.

Example 1.10. Assume we want to model an employee who works between 6 and 8 hours

and sleeps the rest of the day. He also begins his working day no earlier than 9 o'clock. In

principle, this is possible with CFGs, but it involves a lot of duplicated states for counting

the working hours. We can tackle this problem by introducing conditional productions.

We introduce terminal symbols s (sleep) and w (work), as well as nonterminals S, the
start symbol, W and N for work and sleep (night) and an auxiliary symbol H. The

productions are then {S −→ NH,H −→ WN,N −→ NN |s,W −→ WW |w}. To

add the restriction for the working time we attach the function fW to the production

H −→WN .

fW (i, j) := (i ≥ 9) ∧ (6 ≤ j ≤ 8) (1.5)

The condition fW makes sure that the position of the W (argument i) is not before 9
o'clock and the length of the derived sequence (argument j) is between 6 and 8. Let G be

the obtained grammar. The constraint grammar([X1, . . . , X24], G) on the daily routine of

our employee makes sure that he exhibits the desired behavior.
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2 Solution Counting Algorithms

2.1 Introduction

Counting the number of solution has interesting applications such as belief revision
[Dar01]. Of more interest to us is the application to heuristics in backtrack search
[Pes05, ZP07, KDG04]. In general, counting the solutions of a CSP is signi�cantly harder
than pure solving it; even counting in only one alldifferent constraint is already #P-
complete [Val79] while detectingwhether there exists a solution is polynomial [Rég94].
But in many other cases counting becomes tractable if we restrict our attention to single
constraints. In De�nition 2.1 we de�ne the number of solutions of a constraint; then we
give some elementary cases in Example 2.2.

De�nition 2.1 (Number of Solutions).

Given a constraint C with scope {X1, . . . , Xk}. Then the number of solutions of con-

straint C, sc(C) is the number of satisfying tuples:

sc(C) = | {(d1, . . . , dk) ∈ D1 × . . .×Dk | (d1, . . . , dk) ∈ C} | = |C| (2.1)

Example 2.2. Let X1, X2, X3 be variables with domain D1 = D2 = D3 = {1, 2, 3}.
Then the constraint X1 < X2 has exactly 3 solutions: X1 = 1∧X2 = 2, X1 = 1∧X2 = 3
or X1 = 2 ∧X2 = 3. Likewise, the weaker constraint X1 ≤ X2 admits 6 solutions: the

3 mentioned and 3 more with X1 = X2. As another example let C be the constraint

X1 6= X2. Evidently, we then have sc(C) = 6. We can also consider simple arithmetic

constraints, like X1 + X2 = X3. This constraint has 3 solutions (1, 1, 2), (1, 2, 3) and

(2, 1, 3) written as tuples for the sake of simplicity.

The number of solutions of an extensional constraint speci�ed by its allowed tuples is

simply their number.

The de�nition of sc(C) as |C| seems very simple, but in fact not all constraints are
speci�ed extensionally, so it might be a signi�cant computational e�ort to compute the
number of satisfying tuples. Being able to count the solutions for a given constraint
is already powerful, since we can give better bounds for the number of solutions of a
problem [Pes05]. Without any information about the constraints, the upper bound for
the number of solutions of a CSP with variables as in Example 2.2 is 27 (the product of
the domain sizes). Taking into account the information obtained by counting over the
constraint X1 +X2 = X3, we can improve this bound to 3.
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2 Solution Counting Algorithms

X1 X2 X3

C sc(C) 1 2 3 1 2 3 1 2 3

X1 < X2 3 2 1 0 0 1 2 - - -
X1 ≤ X2 6 3 2 1 1 2 3 - - -
X1 6= X2 6 2 2 2 2 2 2 - - -

X1 +X2 = X3 3 2 1 0 2 1 0 0 1 2

Table 2.1: Number of solutions for all possible assignments.

In many cases the number of solutions under the assumption of a certain assignment
Xi = a is even more interesting and, given that we can count the number of solutions
of the constraint, sometimes easy to compute. We de�ne this notion in De�nition 2.3
which is followed directly by Example 2.4.

De�nition 2.3 (Number of Solutions under Assignment).

Let C be a constraint with scope {X1, . . . , Xk}, Xi a variable in scope(C) and a ∈ Di.

Then we de�ne the number of solutions of C under the assignment Xi = a as:

sc(C,Xi, a) = |{(d1, . . . , dk) ∈ C | di = a}| (2.2)

Example 2.4. Consider again variables X1, X2, X3 with equal domains Di = {1, 2, 3}.
The number of solutions of a constraint X1 6= X2 with X2 = 1 is 2, since the assignment

can be extended only with X1 = 2 or X1 = 3 not with X1 = 2(= X2). We denote

this formally as sc(X1 6= X2, X2, 1) = 2. We summarize the solution counts for the

constraints in Example 2.2 under all conditions in Table 2.1. The �rst column gives the

constraint, the second column its number of solutions. In the second part of the table you

can see the solution counts, each cell indicating the number of solutions for a constraint

(row) with one particular assignment (column).

In the example we can also see two properties that are intuitively clear: the numbers
sc(C,Xi, a) are always smaller than sc(C) and the sum of sc(C,Xi, a) over all a in
domain Di is exactly sc(C). We formulate the following observation to capture these
two direct consequences of De�nition 2.3.

Observation 2.5. For all constraints C and all variables Xi ∈ scope(C) it holds:

1. ∀a ∈ Di.sc(C,Xi, a) ≤ sc(C)

2.
∑

a∈Di
sc(C,Xi, a) = sc(C)

In this context it is convenient to de�ne also the solution density of an assignment in
a speci�c constraint, see De�nition 2.6 [ZP07]. Intuitively, it describes the fraction of
all solutions that make a particular assignment true.
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De�nition 2.6 (Solution Density).

The solution density sd(C,Xi, a) of an assignment Xi = a in a constraint C is de�ned

as

sd(C,Xi, a) =
sc(C,Xi, a)
sc(C)

(2.3)

As direct consequence of Observation 2.5 and this de�nition, we �nd that the solu-
tion densities for a constraint C and a variable Xi can be seen to a certain extent as
probabilities. We formulize this in Observation 2.7.

Observation 2.7. For all constraints C and all variables Xi ∈ scope(C) it holds:

1. ∀a ∈ Di.0 ≤ sd(C,Xi, a) ≤ 1

2.
∑

a∈Di
sd(C,Xi, a) = 1

From now on we refer with the term solution counting to all the de�ned notions of
solution counting for a constraint, solution counting under an assignment Xi = a and
calculating the solution densities. We can give �rst evidence of how powerful solution
counting in fact is by looking again at the �rst and last row of Table 2.1. We observe
that some numbers in these rows are 0. This means that for example the assignment
X1 = 3 is not part of any satisfying tuple of the constraint X1 < X2. Hence we can
remove 3 from D1. In Observation 2.8 we establish this connection between solution
counting and GAC of a constraint, namely solution counting captures GAC. The proof
follows directly from the de�nitions and is similar to our argumentation for the example.

Observation 2.8. For every constraint C, every variable Xi ∈ scope(C) and every

value a ∈ Di we have:

sc(C,Xi, a) = 0⇐⇒ GAC prunes a from Di

We will make use of this observation when we apply the model counting procedure
also as GAC propagator. We start with describing an algorithm to count models in a
speci�c class of propositional formulas, namely sd-DNNF. After that we introduce a very
general algorithm to count solutions in constraints by compiling them into sd-DNNF,
exploiting a linear model counting algorithm for sd-DNNF.

2.2 Model Counting in sd-DNNF

Results in the knowledge compilation area showed that there are classes of propositional
formulas that admit tractable model counting [DM02]. One of these classes is sd-DNNF,
the class of smooth, deterministic, and decomposable formulas. We provide the neces-
sary de�nitions, beginning with the classes of formulas NNF, DNNF and sd-DNNF, before
we describe the actual counting algorithm.
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De�nition 2.9 (Negation Normal Form).

Let P be a set of propositional variables. The language of formulas in negation normal

form (NNF) is de�ned as the set of rooted, directed acyclic graphs (DAG) where each leaf

node is labeled with true, false or a propositional literal (from P ) and each inner node

is labeled with ∧ or ∨ and has arbitrarily many children. Let vars(F ) denote the set of

variables that occur in formula F .

Intuitively, NNF consists of all formulas that have negation only at the level of propo-
sitional variables. For example p ∧ ¬(q ∨ ¬s) is not in NNF, because of the negation in
the subformula in ¬(q ∨¬s). Obviously, this can be rewritten by DeMorgan's laws into
(¬q ∧ s). In this way every propositional formula can be rewritten in linear time and
space to an equivalent formula in NNF. Now we de�ne some conditions that give rise to
the more speci�c classes DNNF and sd-DNNF [DM02].

De�nition 2.10 (Decomposability, Determinism, and Smoothness).

A formula is called

- decomposable if for every conjunction F = F1 ∧ . . . ∧ Fk it holds

vars(Fi) ∩ vars(Fj) = ∅ for i 6= j

- deterministic if for every disjunction F = F1 ∨ . . . ∨ Fk it holds

{Fi, Fj} |= false for i 6= j

- smooth if for every disjunction F = F1 ∨ . . . ∨ Fk it holds

vars(Fi) = vars(F )

Decomposability corresponds to dividing the formula into several independent parts,
because if subformulas do not share any variables they are completely independent.
Determinism in turn is a semantical condition that restricts the disjunctions to be true
if and only if exactly one disjunct is true, in particular it is not allowed for two children
to be true at the same time. Smoothness is a purely syntactical condition and trivial to
achieve by adding valid subformulas. More precisely Fi is transformed to Fi∧

∧
p∈M (p∨

¬p) where M = vars(F ) \ vars(Fi) [DM02].

De�nition 2.11 (DNNF and sd-DNNF).

The language DNNF is the subset of NNF that ful�lls the decomposability condition. The

language sd-DNNF is the subset of DNNF that meets additionally the conditions determin-

ism and smoothness.
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While smoothness can be added in polynomial time to any formula, this is not the case
for decomposability and determinism: in general transforming a formula in NNF (DNNF)
to a formula in DNNF (sd-DNNF) can result in an exponential growth of the formula,
but typically the imposed restrictions provide us with more tractable reasoning like
polynomial time consistency checking for both DNNF and sd-DNNF or model counting for
sd-DNNF.

The basic idea is simple because of the conditions determinism and decomposability
[Dar01]. Intuitively it is clear that the number of models of an and-node that ful�lls the
decomposability condition is the product of the number of models in each conjunct: Since
the conjuncts are independent we can combine the models of the conjuncts arbitrarily to
obtain models of the conjunction itself. For deterministic or-nodes the number of models
is at least the sum of the models of the children: Since a model for one child cannot
be a model for an other child we do not count models several times by the summation.
Smoothness ensures that we can compute the exact number of models by adding don't

care variables.

For counting the models of a formula F we attach a number VAL(N) to every node
N of the DAG representing F . VAL(N) corresponds to the number of models of the
subformula rooted at node N . It was shown in [Dar01] that computation of these values
is su�cient for counting the models of a formula F . The computation of VAL(N) is
recursively de�ned following our argumentation:

VAL(N) =


0 N = l is a leaf and l is known to be false

1 N = l is a leaf and it is not known to be false∑k
i=1 VAL(Ni) N = or(N1, . . . , Nk)∏k
i=1 VAL(Ni) N = and(N1, . . . , Nk)

(2.4)

As pointed out in Section 2.1 the aspect of counting the models under the assumption
of an assignment is important. The sd-DNNF formalism provides us with the ability
to compute also the number of models where a certain literal l is true. Therefore, we
attach values PD(N) to every node N and provide a recursive rule to calculate them.
Intuitively, the value PD(N) says how many models for the root formula there are, given
that the subformula at N evaluates to true.

PD(N) =

{
1 if N is the root∑

M parent of N CPD(M,N) otherwise
(2.5)

CPD(M,N) =

{
PD(M) M is an or-node

PD(M) ·
∏

L child of M,L6=N VAL(L) M is an and-node
(2.6)
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∨
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(1, 1)(2, 1)
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Figure 2.1: sd-DNNF for p→ q together with pairs (VAL(N),PD(N)) for every node N .

The computation rules for the VAL and PD values provide us with a model counting
algorithm for sd-DNNF that is linear in the size of the formula. In a �rst (bottom-up)
run VAL(N) is computed for all nodes N . After this, the values PD(N) are calculated
top-down. In the end the value PD(l) for a leaf with label l gives the number of models
if l would be true. In particular we have the relations PD(p) = sc(F, p, 1) and PD(¬p) =
sc(F, p, 0) when F is the formula we count the models in. We conclude this section with
Example 2.12 which illustrates all the de�ned notions.

Example 2.12. Let F = (p → q) the formula we want to perform model counting on.

F can be rewritten as ¬p∨ q, but this is not yet deterministic. To make it deterministic

it is enough to change the formula to the equivalent F ′ = ¬p ∨ (p ∧ q). F ′ is not yet

smooth, but we can easily add the valid subformula q∨¬q to the �rst disjunct, obtaining

F ′′ = (¬p ∧ (q ∨ ¬q)) ∨ (p ∧ q). Clearly, F ′′ is in sd-DNNF. Figure 2.1 shows F ′′. The

pair VAL(N),PD(N) is attached to every node N . First we perform the bottom-up run

to compute VAL(N) for every N . For every leaf it is 1 since we have no prior knowledge

about the leaves. Applying Equation (2.4) we obtain VAL(root) = 3, meaning that p→ q
has 3 models which is indeed the case. The top-down run following Equation (2.5)

yields the PD values in every node. We see PD(p) = 1, PD(q) = 2, PD(¬p) = 2 and

PD(¬q) = 1 which conforms with the true numbers.

Let us now set q to false, i.e., the VAL value of the node labeled with q changes to

0. Updating all the numbers in the DAG in Figure 2.1 gives us the DAG in Figure 2.2.

We observe that PD(p) = 0. Recall that the PD values of the leaves correspond to the

number of models that evaluate the leaf to true. So p is true in 0 models and can be

pruned.
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Figure 2.2: sd-DNNF for p → q together with pairs (VAL(N),PD(N)) for every node N , with
respect to the additional knowledge ¬q.

2.3 Solution Counting using Compilation to sd-DNNF

We can now combine the tractable model counting algorithm for sd-DNNF and Obser-
vation 2.8 to get a solution counting algorithm that maintains also GAC by translating
constraints into a logically equivalent formula in sd-DNNF. This is a very general ap-
proach, because in principle every constraint could be compiled to an equivalent formula
in sd-DNNF. Of course this might yield formulas of impractical size for some constraints,
for which it is not suitable. One example is the alldifferent constraint. We already
mentioned that counting the solutions of alldifferent is #P -complete, whereas the
model counting algorithm for sd-DNNF is linear in the size of the formula, hence there
cannot be a polynomial sd-DNNF formula. Fortunately, there are some expressive con-
straints that can be translated into reasonably sized sd-DNNF. Among these are element,
regular, extensional and grammar, which we examine in Sections 2.3.1, Section 2.3.2
and Section 2.3.3.

In order to translate constraints to sd-DNNF we have to identify the propositional
variables, which may be attached to the leaves. There are several possibilities, for
example (Xi = a) with their negations (Xi 6= a) or (Xi ≤ a) together with their
negations (Xi > a). The di�erence between them is in O(|Di|), since we can, on the
one hand, express (Xi = a) with (Xi ≤ a) and ¬(Xi ≤ a − 1), and on the other hand,
(Xi ≤ a) is logically equivalent to

∧
b∈dom(Xi),b≤a(Xi = b). Since we want to perform

solution counting for each Xi = a we opt for propositional variables (Xi = a). Now we
have sc(C,Xi, a) = PD(N) when N is the leaf node with label (Xi = a).

2.3.1 Compilation of regular Constraints to sd-DNNF

In this section we show a translation from the constraint regular([X1, . . . , Xk],A) to
an equivalent formula in sd-DNNF. This is a quite general result as we can express many
constraints in terms of regular. Let A be the DFA A = (Σ, Q, q0, δ, F ), where
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- Σ is the alphabet

- Q is a �nite set of states

- q0 ∈ Q is the initial state

- δ : Q× Σ→ Q the transition function and

- F ⊆ Q is the set of �nal states

Without loss of generality we assume δ to be a total function and Di ⊆ Σ. If not we
construct Σ′ = Σ ∪

⋃k
i=1Di and introduce an extra state q⊥ /∈ F which is the result of

all unde�ned inputs of δ. We de�ne a function f such that f(1, q0) maps the constraint
regular([X1, . . . , Xk],A) to a formula in sd-DNNF:

f(i, q) =


false i = k + 1, q /∈ F
true i = k + 1, q ∈ F∨

a∈Di
GXi=a ∧ f(i+ 1, δ(q, a)) otherwise

(2.7)

In Equation (2.7) the subformula GXi=a abbreviates Xi = a∧
∧

b∈Di\{a}Xi 6= b. This
seems redundant because Xi = a implies Xi 6= b for a 6= b, but is in fact necessary
since on the level of propositional variables this is not true anymore. Intuitively, this
function enumerates all paths of length k and assigns true (false) if the path is (not)
a word in the language of A. Afterwards, true and false can be propagated through
the DAG in the obvious way. If the graph collapses to false (true) the constraint is
unsatis�able (valid). Of course, there might be an exponential number of paths through
the automaton, but caching the calls of f prevents us from enumerating them all. In
particular, we stay polynomial and the constructed DAG has size O(k · |Q|), because the
recursion depth is bounded by k + 1 and the number of nodes at level i by |Q|. At last
we check whether the resulting DAG is in sd-DNNF. We observe �rst that all GXi=a are
decomposable and only propositional variables with index i occur. Since we increase i
in the recursive call, such variables cannot occur again, hence the subformulas from the
third case of Equation (2.7) are decomposable, and so is the resulting formula. Now let
Fa and Fb be two arbitrary, but distinct disjuncts in the third case of Equation (2.7)
and suppose we are in level i. By de�nition, Xi = a is a consequence of GXi=a and
Xi 6= a is implied by GXi=b. Evidently the formula Fa∧Fb implies then Xi = a∧Xi 6= a
which is equivalent to false, thus the result of the application of f is also deterministic.
Smoothness is ful�lled since in every or-node of level i all variables (Xj = a) for all
i < j ≤ k and all a ∈ Dj occur. We can prove this easily by induction on j = k − i.
Example 2.13 illustrates the application of function f .
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b
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a, b

Figure 2.3: A DFA for the language of all words that do not have two consecutive a's.
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GX2=b
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Figure 2.4: The sd-DNNF formula equivalent to regular([X1, . . . , Xk],A).

Example 2.13. Let A be the automaton from Example 1.8 whose language consists of

all words over {a, b} such that no consecutive a's occur. We depict it again with the

additional state q⊥ in Figure 2.3. Let the constraint be regular([X1, X2, X3],A) with

Di = {a, b}. After applying f and propagating the occurring true and false upwards, we

obtain the formula shown in Figure 2.4. We can easily convince ourselves that the result

is really decomposable, deterministic and smooth, thus in sd-DNNF.

Counting in regular constraints is, however, not new. Pesant and Zanarini [ZP07]
published a solution counting algorithm that is based on dynamic programming. Their
approach uses a layered graph structure that resembles very much the sd-DNNF formula
we create (viewed as a DAG), and in fact their algorithm does exactly the same com-
putations as our. This is quite interesting for two algorithms emerging from completely
di�erent ideas.
The formulas that are obtained from Equation (2.7) do not yet exploit all the suc-

cinctness of the sd-DNNF formalism. In particular, determinism states only that any
two disjuncts have to be contradictory in general, whereas in the result of f the dis-
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juncts contradict already in the �rst level after the disjunction (recall that they contain
GXi=a and GXi=b, respectively) � they ful�ll the decision property [DM02]. There are
propositional theories that prove the exponential gap between formulas with decision
property and formulas without it, i.e., there are theories that have a polynomially sized
sd-DNNF representation, but if we additionally impose the decision property they have
not anymore [Dar01].

2.3.2 Compilation of extensional Constraints to sd-DNNF

Extensional constraints with scope {X1, . . . , Xk} can be viewed as relation R on the
Cartesian product of the variables' domains R ⊆ D1 × . . .×Dk. The logical reading of
such a relation R is shown in Equation (2.8). We can easily observe that this formula
is decomposable.

R ≡
∨

(d1,...,dk)∈R

k∧
i=1

(Xi = di) (2.8)

If we now replace the assignments Xi = di in this equation by the expression GXi=di

(recall that this was de�ned as (Xi = di) ∧
∧

d∈Di\{di} (Xi 6= d)), we obtain Equation
(2.9) which is still decomposable, but also deterministic and smooth. In this way, we
obtain immediately a model counting algorithm for extensional constraints.

R ≡
∨

(d1,...,dk)∈R

k∧
i=1

GXi=di
(2.9)

This approach is direct, but potentially there is big room for improvements, because:

- if the relation is very large (O(|D1× . . .×Dk|)) also the sd-DNNF formula becomes
very large, since we create an and-node for every tuple,

- the translation is blind, since we do not exploit any structure that might be hidden
in the table, and

- the part of the language sd-DNNF we use is in fact very restricted because the
formulas have only four layers: the �rst layer is the global or-node, the second
layer consists of the and-nodes each representing a tuple, and the two last layers
consisting of the formulas GXi=di

.

One example for structure in the problem is the di�erent domain size of the variables.
Based on the idea conveyed by Figures 1.1 and 1.2 from the section about variable
orderings we can build a tree-like structure of the table.
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X2 X3 X4

1 3 4
3 4 1
4 1 1

Table 2.2: Restriction of C to X1 = 2
.

X1 X3 X4

2 1 4

Table 2.3: Restriction of C to X2 = 3
.

In order to minimize the size of the tree we try to minimize the outdegree of the
nodes close to the root. To formalize this, we introduce in De�nition 2.14 the notion
of restricting an (extensional) constraint to an assignment Xi = d and illustrate it in
Example 2.15.

De�nition 2.14 (Restriction of a Constraint).

Let C be an extensional constraint with scope {X1, . . . , Xk}, Xi a variable in scope(C)
and d a value in the domain of Xi. Then we de�ne a new constraint C ′ as the restriction
C|Xi=d of C to the assignment Xi = d as follows:

1. scope(C ′) = {X1, . . . , Xi−1, Xi+1, . . . , Xk}

2. C ′ = {(d1, . . . , di−1, di+1, . . . , dk) | (d1, . . . , dk) ∈ C ∧ di = d}

Example 2.15. We consider the extensional constraint C de�ned by the table:

X1 X2 X3 X4

1 1 1 2

2 1 3 4

3 2 2 3

2 3 4 1

2 4 1 1

We depict the restrictions C|X1=2 and C|X2=3 in Table 2.2 and 2.3. Observe that

the scope of the new constraints is {X2, X3, X4} and {X1, X3, X4}, respectively. The

restriction is possibly empty (and is allowed to be), as we can for example restrict the

depicted constraint to X1 = 4.

If we calculate the restrictions to Xi = d for all values d ∈ Di and conjoin each of
them with the corresponding assignment we remain with the same constraint. We make
this formal in Equation (2.10).

C ≡
∨

d∈Di

(Xi = d) ∧ C|Xi=d (2.10)
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Using this idea we can re�ne the logical expression describing the table constraint
by de�ning a recursive function trans for translating the table into a logical formula.
Therefore, we select in every step a variable and make use of Equation (2.10). We add
to the previous equation only two termination cases and apply the function recursively:

trans(C) =


∨

(d)∈C (Xi = d) if scope(C) = Xi∧
Xi∈scope(C) (Xi = di) if C = {(d1, . . . , dk)}∨
d∈Di

(Xi = d) ∧ trans(C|Xi=d) otherwise

(2.11)

It is left open how we choose Xi in the recursive case, but in order to minimize the
structure we can, for instance, choose the variable with the smallest domain since this
results in a node with small outdegree. However, this is only one alternative for selecting
a variable. We refer to [JBKW08] where more alternatives are examined.

The formula trans(C) is in DNNF but on the level of propositional logic not yet deter-
ministic and smooth. We can make it so by replacing again a leaf labelled with (Xi = d)
by GXi=d with the same arguments as above. As the formulas representing regular

constraints also the results of this compilation ful�ll the decision property.

If we view the arising formula as a DAG we can of course share substructures. In
particular we can do this when the function is called twice with the same argument
(both scope and possible tuples are equal) during recursion. We can also imagine the
function to cache the values for which it already computed the result and return just
the stored entry if a cache hit occurs.

We considered some instances of extensional constraints to show that we are able
to save space by compiling the table using trans. On the one hand we looked at tables
from the con�guration problem Renault [AFM02] and on the other hand at several ran-
domly created tables. We compared only the inner nodes that are created by both of
the approaches, since the leaf nodes are the same in either case. In the direct encoding
(Equation (2.9)) the number of nodes is the number of tuples of the table plus one,
because we create an and-node for every tuple and an or-node as root. In the encoding
using the trans function we count the number of created nodes. We list also the max-
imal number of tuples in the table which we determine by looking at the scope of the
constraints.

Table 2.4 shows the results for selected tables of the Renault instance. It can be seen
that the direct encoding outperforms the encoding using trans on very tight constraints,
i.e., tables with only few allowed tuples, but is clearly outperformed on constraints
with more solutions. To con�rm this impression we created some random tables and
conducted the same experiments. We distinguish between table constraints on variables
with uniform (Table 2.5) and nonuniform domain size (Table 2.6). The domain sizes in
the second case are 2, 3, . . . , k + 1 in constraints with arity k.
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|C| #max nodes direct encoding nodes trans

48 4050 49 73
130 6480 131 150
336 54000 337 225
342 648000 343 450
1114 40500 1115 130
2025 68040 2026 109
4440 136080 4441 149
6498 136080 6599 194
33437 3402000 33438 448

Table 2.4: Comparison of size for the Renault instance. |C| is the number of tuples in the
table, #max is the possible number of tuples, i.e., the product of the domain sizes
of the variables in scope(C).

d tightness nodes direct encoding nodes trans

5

0.1 313 556
0.2 626 751
0.3 938 875
0.4 1251 925
0.5 1563 963

7

0.1 1680 2070
0.2 3362 2749
0.3 3362 3150
0.4 5042 3328
0.5 6723 3374

Table 2.5: Random table constraints over 5 variables with uniform domain size d.

As a result of these tables we can see a similar behavior for both uniform and nonuni-
form domains. This is interesting because for uniform domain sizes in random tables
the reason for saving nodes can neither be the structure hidden in variables' domain size
nor, being a randomly created, the structure in the table. Hence we suspect that struc-
ture sharing in the propositional formula has also big in�uence in these cases. However,
we observe more savings for the tables from the Renault instance, hence we expect the
compilation to work well in practice.
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arity k tightness nodes direct encoding nodes trans

5

0.1 72 149
0.2 144 200
0.3 216 223
0.4 288 258
0.5 360 242

7

0.1 4032 4603
0.2 8064 6102
0.3 12096 6817
0.4 16128 7081
0.5 20160 7153

Table 2.6: Random table constraints of arity k with nonuniform domain sizes 2, 3, . . . , k + 1.

2.3.3 Compilation of grammar Constraints to (sd-)DNNF

Context-free languages are more expressive than regular languanges and one of the ad-
vantages is that we can model nondeterministically with a context-free grammar whereas
we can describe every regular language by a deterministic �nite automaton. But exactly
the determinism in the automaton made it easy to translate the regular constraint to
an equivalent formula in sd-DNNF. Since formulas in sd-DNNF are deterministic, it is
presumably hard to make a translation of nondeterministic notions into sd-DNNF. It
turns out that nondeterminism itself is not a problem, but ambiguity of the grammar
is. We show an algorithm that counts the exact number of solutions in nonambiguous
grammars and otherwise calculates an upper bound.

Our translation is based on the work of Quimper and Walsh [QW07]. They translate
constraints of the form grammar([X1, . . . , Xk], G) into CNF. In an intermediate step they
construct an And/Or graph, particularly, a rooted DAG representing all the possible
parsing trees for the CFG G given the domains Di of the variables Xi. The inner nodes
of the DAG are labeled with ∧ and ∨, whereas the leaves are labeled with assignments
Xi = a.

Inspired by their work we de�ne a function graph that maps a nonterminal symbol
L and two numbers l and r to a proposititional formula that describes all words that
are derivable from L in interval [l, r]. Note that our de�nition is not suitable as a
computational basis, but it is convenient to prove the desired properties. Recall that
we assume the grammar to be in Chomsky normal form (see Section 1.4.2), i.e., all
productions are of the form L −→ AB or L −→ a.
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graph(L, l, r) =

{∨
L−→aXl = a if l = r∨
L−→AB

∨
l≤m<r graph(A, l,m) ∧ graph(B,m+ 1, r) otherwise

(2.12)

Intuitively, parsing a symbol L in the interval [l, l], i.e., with length 1, is only possible
if there is a corresponding production L −→ a in G. Otherwise the expression in the
�rst case is false (empty disjunction). On the other hand, parsing a nonterminal L in
interval [l, r] with l < r is possible if there is a rule L −→ AB and we can divide the
interval into non-empty subintervals [l,m] and [m + 1, r] such that we can parse A on
[l,m] and B on [m+ 1, r].
However, in order to make the formula logically equivalent to the constraint, we have

to adapt two details. First, it does not yet take the domains of the variables {X1, . . . , Xk}
into consideration. This is easily achieved by checking additionally if a is contained in
the domain of Xl in the �rst case of Equation (2.12). Second, we have to encode the
�rst case as exclusive or, because on constraint level it is not allowed to have (Xi = a)
and (Xi = b) for a 6= b at the same time, whereas the formula would admit. We can
achieve this by again making use of GXi=a instead of Xi = a. The updated �rst case is
shown in Equation (2.13). ∨

L−→a∧a∈Dl

GXl=a (2.13)

Applying the function graph, we might obtain some leaves that are labelled with
false, because of possibly occurring empty disjunctions in both cases of Equation (2.12),
but they can easily propagated upwards by the usual Boolean rules. In the following,
when we write to graph(L, l, r), we refer to the formula without any occurrences of false
(except for the case when the constraint is unsatis�able, then the formula itself is false)
that is obtained by applying the function with updated �rst case.

We will formalize and prove the logical equivalence of constraint and propositional
formula in Proposition 2.17, but before we want to give a small example for a translation.

Example 2.16. Consider the constraint grammar([X1, X2, X3], G) where G is a gram-

mar with the rules S 7→ aS1 and S1 7→ aS1 | bS1 | a | b, whose language contains all

words over {a, b} beginning with an a. Assume further domain {a, b} for all the vari-

ables. The formula resulting from graph(S, 1, 3) is depicted as DAG in Figure 2.5. Note

that the or-nodes are labelled with the current arguments of the function calls and that

we can again share subgraphs (the or-node labelled with (S1, 3, 3)). Obviously the leaf

label X1 = b does not occur because the �rst symbol cannot be a b. So we can prune b
from D1.
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Figure 2.5: The result of graph(S, 1, 3) for the grammar in Example 2.16.

Now we come back to the proposition about logical equivalence between the two
formalisms:

Proposition 2.17. Let G be a context-free grammar with start symbol S and l ≤ r.
Then (dl, . . . , dr) is a support of grammar([Xl, . . . , Xr], G) i� {Xi = di | l ≤ i ≤ r} is a
model for graph(S, l, r)

Proof. We prove this statement by induction on k = r − l. For the induction base let
k = 0. We have then

(dl) is support of grammar([Xl], G)
⇐⇒ S −→∗ dl ∧ dl ∈ Dl

⇐⇒ S −→ dl ∧ dl ∈ Dl

⇐⇒ GXl=dl
occurs in Equation (2.13)

⇐⇒ {Xl = dl} is a model of Equation (2.13)

⇐⇒ {Xl = dl} is a model of graph(S, l, l)

In the induction step we choose k > 0. We denote with G[A] a grammar that has the
same productions as G but whose starting symbol is A (instead of S by default).

We have now:
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(dl, . . . , dr) is support of grammar([Xl, . . . , Xr], G)
⇐⇒ S −→∗ dld2 . . . dr ∧ di ∈ Di, l ≤ i ≤ r
⇐⇒ di ∈ Di, l ≤ i ≤ r∧

∃(S −→ AB)∃m.l ≤ m < r ∧A −→∗ dl . . . dm ∧B −→∗ dm+1 . . . dr

⇐⇒ ∃(S −→ AB)∃m.l ≤ m < r∧
(dl, . . . , dm) is support of grammar([Xl, . . . , Xm], G[A]) and
(dm+1, . . . , dr) is support of grammar([Xm+1, . . . , Xr], G[B])

hyp⇐⇒ ∃(S −→ AB)∃m.l ≤ m < r∧
{Xj = dj | l ≤ j ≤ m} is model for graph(A, l,m) and
{Xj = dj | m+ 1 ≤ j ≤ r} is model for graph(B,m+ 1, r)

⇐⇒ {Xj = dj | l ≤ m ≤ r} is model for graph(S, l, r) �

Let us now analyze the structure of graph(S, 1, k) in more detail with respect to
decomposability, determinism and smoothness. With respect to decomposability and
smoothness it is convenient to make the following observation about the occurring vari-
ables. The observation follows easily from construction.

Observation 2.18. Let X1, . . . , Xk variables with domains D1, . . . , Dk and G a context-

free grammar. Then for every non-terminal symbol L in G and every l and r with

1 ≤ l < r ≤ k such that graph(L, l, r) 6≡ false it holds:

vars(graph(L, l, r)) = {(Xj = d) | l ≤ j ≤ r, d ∈ Dj}

Decomposability is a direct consequence of this observation because for every conjunc-
tion the intervals corresponding to the conjuncts [l,m] and [m+ 1, r] are disjoint, hence
also the sets of variables that occur inside. For showing smoothness we have to check
every or-node. We start with the or-nodes that arise from the �rst case of Equation
(2.12). Obviously, we have vars(GXi=d1) = vars(GXi=d2) for all d1, d2 ∈ Di so these
nodes ful�ll the smoothness condition. Now consider an or-node that emerged from
the second case with arguments L, l and r and two arbitrary but non-false disjuncts
F1, F2. These disjuncts were produced because there are productions L −→ A1B1

and L −→ A2B2, respectively, and numbers m1 and m2 between l and r such that
Fi = graph(Ai, l,mi) ∧ graph(Bi,mi + 1, r), i ∈ {1, 2}. Applying Observation 2.18
yields vars(Fi) = {(Xj = d) | l ≤ j ≤ r, d ∈ Dj}, in particular vars(F1) = vars(F2).
Now we focus on the determinism criterion. We can see directly that it is ful�lled

on the or-nodes generated from �rst case of Equation (2.12), but for the other or-nodes
this does not hold true necessarily. To show this, consider a simple grammar G with
the only rule S −→ SS | s and a constraint grammar([X1, X2, X3], G) for variables with
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Figure 2.6: Formula obtained from graph(S, 1, 3).

equal domain D = {s, t}. The application of graph(S, 1, 3) yields the formula depicted
in Figure 2.6. The constraint has exactly one support (s, s, s) so the formula has the
only model {X1 = s,X2 = s,X3 = s} (by Proposition 2.17). Since the root node in
Figure 2.6 is a disjunction with two satis�able children and the formula has only one
model this model has to be model for both of the disjuncts. This is in con�ict with
determinism.
Evidently, neither the grammar in Example 2.16 nor the grammar with the only rule

S −→ sS | s (which is in fact equivalent to the previous one) show this behavior � their
graph formulas are deterministic. Searching for the reason, we �nd that ambiguity of
the grammar may cause nondeterminism of the formula. We recall �rst the de�nition
of an ambiguous grammar and illustrate then with Example 2.20 how ambiguity relates
to nondeterminism.

De�nition 2.19 (Ambiguous Grammar).

A grammar G with start symbol S is ambiguous if there exists a word w ∈ L(G) such

that there are two derivations with di�erent derivation trees leading to w.

Example 2.20. x Let G again be the grammar with rules r1 : S −→ SS and r2 : S −→ s
and consider the constraint grammar([X1, X2, X3], G). Then we can derive the word sss
in two di�erent ways (we underline the symbol that is replaced and indicate above the

derivation arrow which production rule was used):

S
r1−→ SS

r2−→ sS
r1−→ sSS

r2−→ ssS
r2−→ sss (2.14)

and

S
r1−→ SS

r1−→ SSS
r2−→ sSS

r2−→ ssS
r2−→ sss (2.15)
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There are more derivations that produce sss but they are equal to one of these two.

For example

S
r1−→ SS

r2−→ Ss
r1−→ SSs

r2−→ Sss
r2−→ sss

is equivalent to the second one. However, the two derivations above are really di�er-

ent, because they have di�erent derivation trees, shown in Figure 2.7. We �nd the two

derivations of sss also in Figure 2.6. The �rst derivation corresponds to the left child

of the root and the second to the right child.

S

S

s

S

S

s

S

s

S

S

S

s

S

s

S

s

Figure 2.7: The derivation trees of the word sss. The left tree corresponds to the derivation
in (2.14) and the right one to the derivation in (2.15).

We formulate the exact relation between ambiguity of a grammar and nondeterminism
of the corresponding graph formula in Proposition 2.21. We do not prove the proposition
here, because the proof follows very closely our argumentation above.

Proposition 2.21. Let C be a constraint grammar([X1, . . . , Xk], G), where G is a gram-

mar with starting symbol S. Then the following are equivalent:

- there is a support (d1, . . . , dk) of C such that d1 . . . dk can be derived with di�erent

derivations from S

- the formula graph(S, 1, k) is not deterministic.

We conclude that if the grammar is non-ambiguous then the resulting formula is in
sd-DNNF. As a consequence we can then apply the model counting algorithm for sd-DNNF
to count the number of supports of the grammar constraint. Unfortunately we cannot
determine if a grammar is ambiguous in general, because this is an undecidable problem,
and some context-free languages do not even have unambiguous grammars.
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However, we can still use the transformation function graph for all grammars. We
will argue that applying the model counting algorithm to results of the graph trans-
formation on ambiguous grammars yields upper bounds for the number of solutions of
the constraint and we still have that the upper bound of the solution count of a single
assignment is non-zero i� the assignment is GAC, the property described in Observation
2.8.

In Proposition 2.22 we show that the formula obtained from graph(L, l, r) counts the
number of di�erent derivations from L in interval [l, r], denoted as #der(L, l, r). Further
we refer with VAL(graph(L, l, r)) to the VAL value of the root node of graph(L, l, r).

Proposition 2.22. Let G be a grammar which contains the nonterminal symbol L. It

holds

VAL(graph(L, l, r)) = #der(L, l, r)

Proof. The proof is again by induction on i = r − l using Equation (2.12). Consider
as induction base the singleton interval [l], i.e., i = 0. In this case the formula was
produced by the (updated) �rst case of Equation (2.12). Hence it is the disjunction of
GXl=a such that a ∈ Dl and L −→ a is a production in G. Obviously, VAL(GXl=a) = 1
if and only if a ∈ Dl, thus

VAL(graph(L, l, l)) = {a ∈ Dl | L −→ a is production in G}|

which is also the number of di�erent derivations for L in interval [l, l].
For the induction step let r − l = i > 0. Now we compute the number of di�erent

derivations. Two derivations di�er, if they use a di�erent production rule L −→ AB
or the same rule applied to di�erent intervals. Of course they are also di�erent, if they
di�er in a later derivation step. All this is captured by the following recursive de�nition:

#der(L, l, r) =
∑

L−→AB

∑
l≤m<r

#der(A, l,m) ·#der(B,m+ 1, r)

=
∑

L−→AB

∑
l≤m<r

VAL(graph(A, l,m)) · VAL(graph(B,m+ 1, r))

=
∑

L−→AB

∑
l≤m<r

VAL(graph(A, l,m) ∧ graph(B,m+ 1, r))

= VAL

 ∨
L−→AB

∨
l≤m<r

graph(A, l,m) ∧ graph(B,m+ 1, r)


= VAL(graph(L, l, r)) �
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This is a nice result, but as we will see later the number of derivations can di�er
greatly from the number of models. First we want to establish a similar bound for the
PD values obtained by the model counting procedure of sd-DNNF. Our focus is again on
the PD values of the leaves, because in the other translations PD(Xi = a) coincides with
the solution counts under the condition of an assignment sc(C,Xi, a). In Proposition
2.23 we relate the PD values again to the number of derivations instead of the number
of models. From now on we denote with #∗der(L, l, r) the overall number of derivations
when we �x a subderivation for L in interval [l, r].

Proposition 2.23. Let t be an or-node in the formula graph(S, 1, k) corresponding to

graph(L, l, r). Then it holds:

PD(t) = #∗der(L, l, r)

Proof. We prove this statement by induction on the depth d of t in the formula
graph(S, 1, k). First let d = 0, thus t is the root and PD(t) = 1 by de�nition. On
the other hand, #∗der(S, 1, k) is also 1, because if we �x a subderivation on the root,
we �x the complete derivation. For the induction step assume t to be the root of
graph(L, l, r) and the corresponding or-node is not the root (has depth greater 0).
We show the proposition by calculating PD(t) explicitly. First, by de�nition we have
PD(t) =

∑
N parent of t CPD(N, t). By construction of the graph formula all parents N

are and-nodes. In the graph formula, we can uniquely identify and-nodes by their two
children graph(L, l,m) and graph(R,m+1, r), more precisely by a 5-tuple (L,R, l,m, r).
Note further, that all and-nodes are binary and that t might be the left or the right child
of its parent. So for

∑
N parent of t CPD(N, t) we �nd by de�nition of the CPD values:

∑
N parent of t

CPD(N, t)

=
∑

N=(L,X,l,r,r′)

PD(N) · VAL(graph(X, r + 1, r′))+

∑
N=(X,L,l′,l−1,r)

PD(N) · VAL(graph(X, l′, l − 1)) (2.16)

By construction, all and-nodes have or-nodes as parents, so the PD value can be
calculated as sum of the PD values of the parents. An and-node (L,R, l,m, r) has or-
nodes as parents that are the root of graph(Li, l, r) such that it exists a rule Li −→ LR
and a number m such that graph(L, l,m) and graph(R,m+ 1, r) are satis�able. Thus
we can replace PD(N) and obtain:
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∑
N=(L,X,l,r,r′)

 ∑
Li−→LX

PD(graph(Li, l, r
′))

 · VAL(graph(X, r + 1, r′))+

∑
N=(X,L,l′,l−1,r)

 ∑
Li−→XL

PD(graph(Li, l
′, r))

 · VAL(graph(X, l′, l − 1)) (2.17)

Expanding the inner sum we obtain:

∑
N=(L,X,l,r,r′)

∑
Li−→LX

PD(graph(Li, l, r
′)) · VAL(graph(X, r + 1, r′))+

∑
N=(X,L,l′,l−1,r)

∑
Li−→XL

PD(graph(Li, l
′, r)) · VAL(graph(X, l′, l − 1)) (2.18)

Now, we can apply the induction hypothesis to the PD term in the �rst factor, because
these or-nodes have lower depth in the formula. Further we can apply Proposition 2.22
to the VAL terms.

∑
N=(L,X,l,r,r′)

∑
Li−→LX

#∗der(Li, l, r
′) ·#der(X, r + 1, r′)+

∑
N=(X,L,l′,l−1,r)

∑
Li−→XL

#∗der(Li, l
′, r) ·#der(X, l′, l − 1) (2.19)

We look in more detail what we index the sums with. We consider only the �rst sum,
the other case is analogous. Basically every pair N = (L,X, l, r, r′) and Li −→ LX
corresponds to a class of derivations which contain the pattern depicted in Figure 2.8
where we also label the nodes with the intervals that they derive.

Li, [l, r′]

X, [r + 1, r′]L, [l, r]

...

...
...

Figure 2.8: Detail of a derivation containing L.

In each of these patterns the number of derivations when a derivation for L is �xed
can be computed easily. We know that there are #∗der(Li, l, r

′) possible derivations when
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Li is �xed and to �x Li we have #der(X, r+ 1, r′) possibilities (since L is already �xed).
Hence, the product of the two numbers is exactly the number of derivations when L is
�xed. Since the classes of derivations are disjoint, we have to sum up the products for all
classes, arriving at the term in Equation (2.19) as the desired number #∗der(L, l, r). �

In a similar way we can argue that the PD value of GXi=a, child of only or-nodes, is
exactly the number of derivations where the i-th letter is a. Accordingly, also PD(Xi =
a) is the number of derivations with Xi = a. Knowing this, we can conclude that
counting the derivations maintains GAC according to Observation 2.8.

PD(Xi = a) = 0
⇐⇒ number of derivations with Xi = a is 0
⇐⇒ a can be pruned from Di

We have now proven that the numbers we calculate are upper bounds that are exact
in case of nonambiguous grammars and can still be used to achieve GAC on the grammar
constraint. Now we want to investigate how much the bounds can deviate from the real
value. This problem is equivalent to the question regarding the relation between the
number of words of �xed length k and number of derivations for these words. It turns out
that the grammar in Example 2.20 exhibits already exponential behavior. Recall that
the grammar had the only rule S −→ SS | s. The grammar contains exactly one word
of length k for k ∈ {1, 2, . . .}, but as we have seen for k = 3 there are 2 derivations. Let
ak be the number of di�erent derivations for the word of length k. Clearly, a1 = a2 = 1
and a3 = 2. For calculating ak for k > 3 we can set up a recurrent relation based on
the following observation: Applying the rule S −→ SS the �rst time divides the word
we want to derive into 2 nonempty and disjoint sequences with length k1 and k2 such
that k1 + k2 = k. For length k we have k − 1 possibilities for this separation. Since
k1, k2 < k ak1 and ak2 are known, i.e., the number of di�erent derivations is known for
lengths k1 and k2. For each possible separation the number of di�erent derivation is
the product of ak1 and ak2 because they are independent. The sum of these products
over all separations yields then ak. The situation for k = 4 is shown in Figure 2.9. The
general recurrency relation for number ak is given in Equation (2.20).

ak =
k−1∑
i=1

ai · ak−i (2.20)
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S

ssss|

a2 · a2

a2 a2

S

s|sss

a1 · a3

a1 a3

S

sss|s

a3 · a1

a3 a1

a4 = + +

Figure 2.9: Possible separations for a word of length k = 4.

It turns out that this sequence is the well-known sequence of Catalan numbers2

that occur in various combinatorical counting problems [CG98]. The �rst numbers of
the sequence are 1, 1, 2, 5, 14, 42, 132, 429, 1430, 4862, 16796, 58786, 208012, . . .. As
we can see they grow rapidly, in fact exponentially as

ak−1 ∼
4k

k3/2 ·
√
π

(2.21)

So we cannot expect a nice bound in every case. On the other hand the language of
this grammar is trivially regular and can be modelled as well with S −→ sS | s yielding
exact model counting. So the hope is that, in practice, these pathological examples can
be avoided or minimized with little e�ort during modelling.
In contrast to the compilation of regular and grammar constraints, the transformation

using the graph function makes use of full expressiveness of the sd-DNNF formalism
(provided that the grammar is non-ambiguous), i.e., the decision property is not ful�lled
in general.
We conclude this section with an examination of the size of the formula obtained

from graph(S, 1, k) for a grammar G. First we note that every or-node corresponds to
parameters L, l, r of the graph function, thus there are maximal |G| ·n2 or-nodes. Using
our earlier observation that an and-node is uniquely identi�ed by a 5-tuple (L,R, l,m, r)
we can give an upper bound of the number of and-nodes. Obviously, both l, m, and r
are in O(n), and the number of combinations of L and R is bound by the number of
productions, |G|. So the size of the formula is in O(|G| · n3), which is also reported in
[QW07].

2.4 Conclusions

In this chapter we introduced one of our main contributions, namely our knowledge
compilation approach to counting the number of solutions in individual constraints.
We provided compilations of expressive constraints such as extensional, regular, and
grammar to polynomially sized formulas in sd-DNNF and make use of sd-DNNFs linear time

2The Catalan numbers are sequence A000108 in the On-line Encyclopedia of Integer Sequences
(http://www.research.att.com/~njas/sequences/A000108).
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model counting algorithm. However, the approach is not limited to those constraints:
on the one hand we easily can give compilations for other constraints such as element,
and on the other hand other useful constraints such as among are covered by them.
Moreover, there are even automatic compilers from CNF to sd-DNNF [Dar04].

39





3 Counting-Based Heuristics

Having introduced algorithms that count solutions for a set of various constraints, it
remains to show how to exploit the extra-information we gain by counting. Except for
[ZP07] who propose some heuristics based on solution counting in single constraints, we
are not aware of any other works that did so. In [KDG04] and [HKBM07] they try to
estimate the probability of an assignment in the whole problem and guide search with
these numbers. However, we will concentrate on the �rst approach.

In this chapter we present some heuristics divided into two groups: heuristics that
choose simultaneously the variable and the value (Section 3.1), and �real� value orderings
(Section 3.2). For each heuristic we give a justi�cation that tries to explain why the
heuristic should work. Considering heuristics it is clear that these justi�cations are
rather hypotheses, because experiments can only support or refute them, but never
prove. In Chapter 4 we compare the results of the experiments against the here given
hypotheses.

In the following we will make several times the assumption that the constraints are
independent. The assumption implies that implications of one constraint never a�ect
other constraints, which is certainly not true in general. However, the dependence
relation between constraints is unknown and hard to determine, hence this assumption
is often made.

3.1 Constraint-Centered Heuristics

Constraint-centered heuristics were �rst introduced in [ZP07]. Instead of looking accu-
rately at the properties of a variable (degree or domain size) or a value, they try to take
a decision by analyzing the constraints themselves. The intuition is that in presence of
global constraints the constraints provide on the one hand good modelling and propa-
gation properties, but on the other hand also more information about the structure of
the problem. This information can be made available for example by solution counting.
In this section we describe the heuristics MinSC/MaxSD and MaxSD [ZP07]. In addi-
tion we propose an alternative to MaxSD that is supported by another mathematical
explanation.

We observe that we loose the strict separation between variable and value selection
in these heuristics, but we can plug them into the searching framework easily.3

3In fact it has a larger impact, since we are switching from n-way branching to 2-way branching. We
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MaxSD

Intuitively it is preferable to make decisions with high solution densities, because they are
more likely to lead to a solution. So the MaxSD heuristic [ZP07] selects the assignment
with the highest solution density sd(C,Xi, a) with respect to some constraint C, more
formally it selects the assignment Xi = a with:

(Xi, a) = argmax
Xi∈V,d∈Di

(max{sd(C,Xi, d) | C with Xi ∈ scope(C)}) (3.1)

This heuristic is very coarse, since it relies only on one speci�c information, the
maximum density. To clarify the problem we assume a CSP containing two con-
straints C1 and C2, each with X1, X2 in its scope. Assume further solution densities
sd(C1, X1, a) = 0.95, sd(C1, X2, b) = 0.9, sd(C2, X1, a) = 0.1, and sd(C2, X2, b) = 0.9.
MaxSD would select X1 = a since this assignment maximizes the solution density for one
constraint, whereas a more reasonable choice would beX2 = b. FurtherMaxSD considers
all constraints being equal. In the following we describe several ways to re�neMaxSD: we
can (1) take the number of solutions of the constraints into account (MinSC/MaxSD), or
(2) consider also information of tightness of the constraint (MaxSD2), or (3) use MaxSD
only as a value ordering and let a variable heuristic select the variable, see Section 3.2.

MinSC/MaxSD

MinSC/MaxSD [ZP07] is more sophisticated and restricts its attention to the variables
that occur in the tightest constraints, i.e., the constraints that have the least number
of solutions. Among those variables MinSC/MaxSD chooses the assignment that has
the highest solution density. The intuition is that constraints with only a few solutions
possibly indicate parts of the CSP that are hard to satisfy. We expect this heuristic
to work well in problems with many similar constraints, like for example nonograms,
sudoku or latin square problems. In problems consisting of several di�erent constraints,
considering only the number of solutions might be an improper measure for tightness of a
constraint; particularly, a constraint with currently 20 and initially 1000 solutions might
be regarded tighter than a constraint with 10 solutions that had 20 in the beginning.

MaxSD2

We showed in Chapter 2 that solution densities can be considered as probabilities in
the sense that sd(C,Xi, a) is the probability that Xi = a given that the constraint is
ful�lled:

sd(C,Xi, a) = P (Xi = a | C) (3.2)

will comment on this later.
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3.2 Counting-Based Value Orderings

However, we are more interested in P (C | Xi = a), the probability of C being satis�ed
under the condition that a is assigned to Xi. It turns out that this is proportional to
P (Xi = a | C) if constraint C and variable Xi are �xed:

P (C | Xi = a) =
P (C ∩Xi = a)
P (Xi = a)

=
P (Xi = a | C) · P (C)

P (Xi = a)
(3.3)

First we apply Bayes' Law twice, then we observe that P (Xi = a) is constant and
so is P (C) (since it is the looseness of C). In order to select an assignment Xi = a
that maximizes the probability that some constraint is ful�lled we should maximize
P (C | Xi = a) with respect to C, Xi and a. Assuming P (Xi = a) is a constant k and
scope(C) = {X1, . . . , Xk} we can simplify the expression in Equation (3.3) further:

P (Xi = a | C) · P (C)
P (Xi = a)

=
sd(C,Xi, a) · sc(C)

|D1×...×Dk|

k

=
sc(C,Xi, a)

k · |D1 × . . .×Dk|
(3.4)

We denote the heuristic that maximizes the term in Equation (3.4) with MaxSD2.
Although it does not contain the solution densities anymore we stick to the notation,
because it is based on a similar idea to MaxSD.

3.2 Counting-Based Value Orderings

The original motivation of our work was to �nd better value orderings. In this sec-
tion we consider the value selection from various points of view and introduce some
new counting-based orderings. In contrast to the constraint-centered approaches that
we described above, we try to combine the solution densities sd(C,Xi, a) for di�erent
constraints C to have a more global view. We assume in the following that a variable
Xi is already selected by a variable heuristic and occurs in the scope of the constraints
C1, . . . , Ck.

3.2.1 Value Selection as Winner Determination

One point of view is to consider the process of value selection as winner determination
or social choice [Arr70] in an election. Here the constraints act as voters and the values
are the parties. Each constraint gives his vote in form of the solution density, i.e., a
solution density of 0.8 for value a constitutes a high preference for this value whereas
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a density of 0.01 is a low preference. Typically there are several constraints that give
their preferences and the task of determining a good value is interpreted as selecting a
value that �matches the preferences best�. The outcome of the election is a total order
≺ that represents the places (smallest element is winner and so on). The corresponding
value ordering is then exactly ≺.
To make it more formal assume that variable Xi is selected and Di = {d1, . . . , dk},

thus Xi has domain size of k. Further let Xi be in the scope ofm constraints C1, . . . , Cm.
Now, sd(Cj , Xi, dl) is the preference of constraint Cj , 1 ≤ j ≤ m, for value dl ∈ Di. We
denote this also with pjl. There are several possibilities to determine the outcome of an
election of this form, but we restrict our attention to the following idea: We look for
values q1, . . . , qk such that they are as close as possible to all the constraints preferences,
i.e., we try to minimize the distance of q1, . . . , qk to all the preferences:

f(q1, . . . , qk) =
m∑

j=1

(
k∑

l=1

(ql − pjl)2
)
−→ min (3.5)

For solving this, we di�erentiate f partially with respect to every ql and determine
the roots of the result:

∂f

∂ql
=

m∑
j=1

2 · (ql − pjl) = 0 (3.6)

Hence, we get for ql, 1 ≤ l ≤ k the arithmetic mean of the constraints' preferences for
value dl:

ql =
p1l + . . .+ pml

m
(3.7)

We refer with MaxMean to the heuristic that selects dl such that ql is maximal.

A disadvantage of this approach might be that the votes of the constraints are treated
equally. In general the constraints di�er for example with respect to their tightness and
their importance in the problem. Similar to the justi�cation for MinSC/MaxSD, we
argue that a tight constraint should have a higher in�uence on the result of the election.
On the other hand we can measure the hardness of a constraint with its weighted degree
(see Section 1.3.3), i.e., the more often a constraint fails during search the higher should
be its in�uence for determining a value. We model di�erent in�uences by attaching a
weight wj to every constraint Cj and modify Equation (3.5) to minimize the weighted

distance fw(q1, . . . , qk):

fw(q1, . . . , qk) =
m∑

j=1

(
wj ·

k∑
l=1

(ql − pjl)2
)
−→ min (3.8)
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We solve this with the same approach as Equation (3.5) and obtain the weighted
arithmetic mean:

ql =
w1p1l + . . .+ wmpml

w1 + . . .+ wm
(3.9)

The value ordering obtained by this equation selects dl such that ql is maximal. We
refer to this heuristics with MaxWMean.

Of course, since both in Equation (3.7) and in Equation (3.9) the denominator is
equal for every ql it is enough to maximize the (weighted) sum in the numerator. As an
relaxation of this, we can regard only the constraint(s) with the heighest weight(s) and
select the value following their solution densities.

In this section we proposed only few orderings based on the view as an election, but
in principle we can reuse all the results from social choice theory [Gae06] and try to �nd
approaches there whose properties match the requirements of a good value selection.

3.2.2 Minimal Search Space Reduction

Typically we want to select the value that prunes the search space least, because the
probability for a domain wipe-out decreases. Assuming pairwise independence of the
constraints Xi occurs in, we can easily calculate the search space reduction that is
enforced. When we assign value a to Xi we remove sc(Cj) − sc(Cj , Xi, a) solutions
from a constraint Cj . By multiplying this with the product of the domain sizes of the
variables not in the scope of Cj we obtain the number of tuples that were removed from
the search space. If we assume the constraints to be independent we can sum over all
constraints and get an estimation for the search space reduction:

k∑
j=1

(sc(Cj)− sc(Cj , Xi, a)) ·
∏

Xl /∈scope(Cj)

Dl

 (3.10)

The assignment that minimizes this expression is the one that removes least tuples
from the search space (given independence). So we want to calculate:

argmin
a∈Di

 k∑
j=1

(sc(Cj)− sc(Cj , Xi, a)) ·
∏

Xl /∈scope(Cj)

Dl

 (3.11)

We can simplify this expression further. For the sake of simplicity we write Q(j) for
the product expression in the end of Equation (3.11). Then we have:

45



3 Counting-Based Heuristics

argmin
a∈Di

 k∑
j=1

(sc(Cj)− sc(Cj , Xi, a)) ·Q(j)

 (3.12)

= argmin
a∈Di

 k∑
j=1

sc(Cj) ·Q(j)−
k∑

j=1

sc(Cj , Xi, a) ·Q(j)

 (3.13)

= argmin
a∈Di

− k∑
j=1

sc(Cj , Xi, a) ·Q(j)

 (3.14)

= argmax
a∈Di

 k∑
j=1

sc(Cj , Xi, a) ·Q(j)

 (3.15)

Suprisingly, on this way we obtain an instance of theMaxWMean heuristic in Equation
(3.9), namely when we choose the weights to re�ect the size of the search space that is
�admitted� by a single constraint Cj , i.e., wj = Q(j) · sc(Cj), 1 ≤ j ≤ k. Intuitively, this
means that constraints Cj with small scope, i.e., big Q(j), have a bigger in�uence, since
pruning some values in them deletes more tuples from the search space.

3.2.3 Value Orderings based on Probabilities

In this section we look at value selection from the angle of probabilities. In general we
want to maximize the probability of arriving at a solution with the selected assignment.
Given that Xi occurs in the constraints C1, . . . , Ck, we try to maximize

P (C1 ∩ . . . ∩ Ck | Xi = a) (3.16)

This expression is not calculable, since we do not have the joint probability distribution
of (Xi = a)∩C1∩ . . .∩Ck. One approach to give an estimation is to assume conditional
independence of C1, . . . , Ck given Xi = a and to consider the probabilities separately,
i.e., maximize the following expression:

P (C1 | Xi = a) · . . . · P (Ck | Xi = a) (3.17)

Since Xi is �xed we have P (Xi = a) = 1
|Di| . Reformulating the conditional prob-

abilities according to Equations (3.3) and (3.4) we obtain the following expression to
maximize (with respect to a):

k∏
j=1

sc(Cj , Xi, a) · |Di|
|DCj |

(3.18)
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where DCj is the set of all possible tuples in the scope of Cj . Xi and thus, the
constraints C1, . . . , Ck being �xed, we end up in selecting a such that

a = argmax
d∈Di

k∏
j=1

sc(Cj , Xi, d) (3.19)

We denote the heuristic that selects the value in terms of Equation (3.19) with
MaxSCProd. Analogously, we can explain a heuristic MaxSDProd that selects a such
that

a = argmax
d∈Di

k∏
j=1

sd(Cj , Xi, d) (3.20)

Finally, we can approximate the expression in Equation (3.20) in two ways: On the
one hand a heuristic could try to favor these values that have a very high solution density
in one constraint. This is MaxSD deployed only as a value ordering. On the other hand
a heuristic could try to avoid very small solution densities, because these indicate low
probability of �nding a solution. Hence we choose the value a that has the highest
minimal density in all constraints, a heuristic that we refer to with MaxMinSD:

a = argmax
d∈Di

(min{sd(Cj , Xi, d) | 1 ≤ j ≤ k}) (3.21)
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4 Evaluation

4.1 Setting

4.1.1 Environment

Both the heuristics and the solution counting algorithms are implemented using the
constraint solver CaSPER [CBA05] on an Intel Dual Core 1.6 GHz with 1 Gb of RAM
using Ubuntu Linux 7.10 and g++ 4.3.1. The advantages of CaSPER are its �exibility,
ease of understanding, changing and extending. This is important, because some of
the techniques need, as we will see, considerable e�ort in implementation and are not
standard in any constraint solver.

4.1.2 Search Algorithm

We use the backtrack search algorithm presented in Section 1.3.1 in all our experiments.
We pointed out that there are several possibilities to implement look-ahead and look-
back techniques, as well as variable and value orderings. Since the experiments we
conduct concern only the variable and especially the value orderings we will plug in
di�erent orderings there. We do not use any look-back technique whereas we install
maintaining GAC as look-ahead strategy. Algorithm 4.1 shows the search algorithm
with template functions for variable (Line 3) and value ordering (Line 6).

4.1.3 Implementation of Solution Counting using sd-DNNF

We mentioned a few times the di�erence between using the formula GXi=a instead of
just the Boolean variable (Xi = a) in our compilation into sd-DNNF. Basically, it ensured
determinism in the sense that the propositional variables (Xi = a) and (Xi = b) do not
contradict each other, whereas formulas GXi=a and GXi=b do for a 6= b. In the presence
of a constraint store the situation changes, since the assignments (in the solver not
anymore Boolean variables) Xi = a and Xi = b are contradictory. Further we note that
we never translate into sd-DNNF based on negative literals, but only on positive ones.
These observations lead to the simpli�cation that we can replace subformulas GXi=a

with the simple (Xi = a) (and thus omit negative literals as labels for the leaves) in
the implementation. Other problems we have to face are correct updating of VAL and
PD values and ability to backtrack. In particular we have to make sure that the values
are recalculated whenever and only when necessary and that they are set back to the

49



4 Evaluation

Algorithm:search(P, v)
input : A CSP P with variables X1, . . . , Xk and a partial assignment v
output: A solution to the CSP or failure

if all variables have an value assigned then1

return v;2

Xi ← selectVariable(X1, . . . , Xk);3

D ← Di;4

while D not empty do5

d← selectValue(D);6

D ← D \ {d};7

v ← v ∪ {Xi ← d};8

if maintaining GAC does not fail then9

if search(P, v) succeeds then return solution;10

v ← v \ {Xi ← d};11

return failure;12

Algorithm 4.1: The search algorithm we use in the experiments.

correct values after occurrence of failure during backtracking. We explore two ways of
implementing the propagator, a decomposition and a monolithic propagator. Another
way could be a hybrid between a SAT solver (for propagation) and a special procedure
for counting. However, we give only a sketch of the idea, since we did not implement it.

Decomposition

It turns out that using built-in �nite domain variables for VAL and PD values together
with an apropriate set of propagators to update them meets the requirements with
respect to updating and backtrackability. More precisely, we de�ne two propagators
that maintain bounds consistency on constraints of the form X = X1 · . . . · Xn and
X = X1 + . . . + Xn, respectively. Looking at the rules for computation of VAL and
PD values (Equations (2.4), (2.5), and (2.6)) shows that these propagators are su�cient
to propagate the numbers within the DAG, because in fact we are only interested in
the upper bound of the variables. For example consider an and-node N with children
C1, . . . , Ck, parents P1, . . . , Pl, and corresponding �nite domain variables. We create
other variables CPD1, . . . ,CPDl that represent the CPD values with respect to each of
the parents and post the following constraints:

- VAL(N) = VAL(C1) · . . . · VAL(Ck) for updating the VAL value of N , and

- PD(N) = CPD(P1) + . . .+ CPD(Pl) for updating the PD value of N , along with
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- analogous constraints for calculating the CPD variables.

Handling of the leaves is also straightforward. For a leaf (Xi = a) with corresponding
�nite domain variables VAL and PD we post:

- Xi = a⇐⇒ VAL, the de�nition of VAL for leaves,

- PD = 0 =⇒ Xi 6= a, the inconsistency de�nition

- a constraint that calculates the PD value (analogously to above).

The approach is elegant, because we make direct use of the propagation engine of
the solver and do not have to care about correct updating or abilitity to backtrack.
Note that we decompose the actual (structured) constraint into many smaller (uniform)
constraints, thus we refer to this technique as decomposition.

Decomposing the constraint, the possibilities for using weighted degree heuristics
change. Recall that every constraint had a weight assigned that expressed how often it
fails. Decomposing the constraint into many smaller constraints we lose the constraint
at �rst sight and cannot weigh it anymore. The solution we propose is to write a wrap-
per around the decomposition, which is then weighted and whose degree is increased if
any of the constraints inside fails. In fact, we gain �exibility here, since we can even
choose the number by which the weight is increased: either we increase it by one or by
the number of failing constraints inside. In our experiments, we chose the �rst option.

The decomposition is a very direct solution, but has several disadvantages. First, since
the graphs we create may become very large, we have to create lots of �nite domain
variables and propagators: �rst experiments showed that we created around 300.000
both variables and propagators for the smallest instances of the benchmark. The second
disadvantage is that we do not have control over the order the propagators are woken
up. In �rst experiments we discovered that some of the propagators are invoked many
times during maintaining GAC for an individual constraint. In the optimal case every
propagator is woken up exactly once. To attain this aim best, we take the control
over the update ourselves and implemented a monolithic version, which has also the
advantage of less propagators and �nite domain variables.

Monolithic propagator

The monolithic variant of the propagator makes use of CaSPER's reversible variables.
Basically, reversible variables are linked to the actual solver object and are set back to
their correct values on backtracking, very similar to �nite domain variables. However,
they do not feature a domain, but have only one �xed value. The deployment of these
variables ensures the desired property backtrackability. As in the decomposition we
assign two (reversible) variables to every node in the And/Or-structure, which represent
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the VAL and PD values of the node. Additionally we assign a �xed number, the level, to
every node, which is the maximal distance to the root (note that, since we use shared
substructures, in general there is more than one way from the root to the node). Thus
the root has level 0, its children level 1, and so on.

We post several (small) �lters that wake up on domain changes of the problem's
variables and one (big) �lter for the solution counting constraint. The small �lters
provide the big �lter with information, which leaf has changed its VAL to 0. The big
�lter in turn updates level by level, starting with the highest, the VAL values of the
nodes. We stop this process at the root or if nothing changes anymore. Using queues
for every level in combination with marks e�ciently ensures that every node is touched
at most once in this run. Also during the �rst run we mark the nodes where the PD
values possibly changed. The graph is traversed starting from lowest level of change,
and the PD values in the nodes are updated. Again, if PD(N) = 0 for some leaf N we
prune the domain of the attached variable. The �lter fails if either the constraint has
no more solutions, i.e., VAL(root) = 0, or a domain wipe-out occurs.

Hybrid approach

A disadvantage of both the decomposition and the monolithic propagator is that prop-
agation is only possible by updating all solution countings. Moreover, for achieving
GAC on the problem the same propagator might be called several times, because other
constraints could infer more information. A hybrid approach could be to export propa-
gation to the unit propagation engine of a SAT solver and perform model counting only
when necessary. In particular, the solution counting would have to be performed only
once. Generalized arc-consistency on a (sd-)DNNF formula can be achieved by doing
merely unit propagation on suitable clauses [JBKW08].

4.1.4 Evaluation Parameters

We compare our results with respect to two parameters. Of course, time is the most
important parameter for assessing an approach, but on the other hand it is clear that
counting solutions opposed to pure propagating is computational overhead. Hence it
might be, that we do not see positive e�ects of counting based heuristics looking only at
the time needed for solving the problem. We seek information from a second parameter,
namely the number of backtracks. This is an accepted parameter for measuring the size
of the search tree explored during search as requiring less backtracks indicates a smaller
search tree.
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4.2 Rostering Benchmark

4.2.1 Problem Description

In order to assess our heuristics in the presence of grammar constraints we try to solve
rostering problems. The benchmark we describe was originally proposed in [QR07]4 and
since then has been considered many times in works about global grammar constraints,
for example in [QW07]. The problem is to design a work schedule for employees in a
multi-activity environment. Parameters of the problem are the number of employees e,
the number of di�erent activities k and the demands of the activities at certain times.
We denote the activities with a1, . . . , ak and the demand of activity ai at time t with
d(ai, t). The schedule of an employee is subject to the following restrictions:

- an employee can rest (symbol r), have lunch (l), have break (b) or work on an
activity (ai)

- an employee works either full-time (six to eight hours) or part-time (three to six
hours)

- full-time workers have to have a break, a lunch and another break; part-time
workers only a break

- a normal break is 15 minutes, the lunch break lasts one hour

- once started an activity an employee has to continue it for at least one hour and
can only change after a break or lunch

- employees rest in the beginning and at the end of the day

Originally the problem was formulated as an optimization problem. Whenever an
employee performs an activity that is not required by the demands or not all demands
are ful�lled, additional costs become due. The objective function is to minimize the sum
of all costs. However, we consider a relaxation of this problem, where all demands have
to be ful�lled and every performed activity has cost 1. We try to minimize the overall
costs as in [QW07].

4.2.2 Modelling

We model the day as a sequence of 96 time slots, i.e., every slot corresponds to 15
minutes. We can make this sequence subject to a grammar constraint that describes the
possible schedules. In Figure 4.1 we give the production rules for this grammar.

4Many thanks to Louis-Martin Rousseau and Claude-Guy Quimper who provided us with the original
instances of the benchmark.
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S −→ RFR | RPR F −→ PLP P −→WbW
L −→ lL | l R −→ rR | r W −→ Ai

Ai −→ aiAi | ai

Figure 4.1: Productions describing an employee's schedule.

The symbols P , F , W , L and R stand for part-time worker, full-time worker, work,
lunch and rest, respectively, and Ai denotes the nonterminal for activity ai. The starting
symbol is S as usual. The rules are quite intuitive, for example, the initial rule for S
expresses that the employee either works full-time or part-time and rests before and
after.

Note that this grammar is not in Chomsky normal form, but can easily be transformed
into it. The grammar is (and stays during the transformation to Chomsky normal form)
non-ambiguous, because every word can only be derived in exactly one way. So our
algorithm provides even exact solution countings.

The rules in Figure 4.1 alone model only the structure of an employee's working day.
However, they do not ensure any of the time restrictions, e.g., that a part-time employee
works only between three and six hours. To guarantee those we attach conditions to
some of the rules. As an example we add the function fW (i, j) = (j ≥ 4) to production
W −→ Ai in order to assure that the same activity is conducted for at least one hour.
To production P −→ WbW we add the Boolean function fP (i, j) = (13 ≤ j ≤ 25)
expressing that part-time means working between three and six hours (between 12 and 24
slots) plus 15 minutes break (one slot). In this way we can condition the productions such
that the grammar describes exactly the requirements on the schedule of an employee.

We model the demands d(ai, t) with regular constraints using an appropriate count-
ing automaton for every time slot t. Its states are associated with tuples that store
the number of occurrences of the activities ai, i.e., a state (n1, . . . , nk) encodes that the
automaton read ni times ai for 1 ≤ i ≤ k. Clearly, the starting state is (0, . . . , 0) and
(d(a1, t), . . . , d(ak, t)) is the �nal state. Transitions between two states correspond ex-
actly to the counting. Formally, we have for a �xed time t and k activities the automaton
given by Equations (4.1) to (4.6).

Σ = {l, b, r, a1, . . . , ak} (4.1)

Q = {(n1, . . . , nk) | 1 ≤ ni ≤ d(ai, t), 1 ≤ i ≤ k} (4.2)

q0 = (0, . . . , 0) (4.3)

F = {(d(a1, t), . . . , d(ak, t))} (4.4)

δ((n1, . . . , ni, . . . , nk), ai) = (n1, . . . ,min(ni + 1, d(ai, t)), . . . , nk) (4.5)

δ((n1, . . . , nk), {l, b, r}) = (n1, . . . , nk) (4.6)
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Figure 4.2: Counting automaton for demands d(a1, t) = 1 and d(a2, t) = 2.

In Figure 4.2 we show the counting automaton for two activities with demands 1 and
2, respectively. Obviously, the number of states grows fast with

∏k
i=1 d(ai, t), because

it is the construction of a product automaton. Nevertheless the approach is applicable,
because for this benchmark k is usually small and the sequence of constrained variables
(number of employees) short. Note that our model di�ers from the model in [QW07] in
that they model the demands with separated cardinality constraints.

Assuming e employees and k activities we can implement the model in the following
way. We create a two-dimensional e×96 array X of �nite domain variables with domains
{r, l, b, a1, . . . , ak} (or equivalently [0, k + 2]). Variable Xij corresponds now to the j-th
time slot of employee i (with 1 ≤ i ≤ e and 1 ≤ j ≤ 96). Then we post a grammar

constraint describing the schedule on every row and a regular constraint with the
respective counting automaton on every column. For breaking symmetries we post
lexicographical ordering constraints on the rows, i.e., the �rst row should be smaller or
equal to the second, and so on.

4.2.3 Experiments and Results

In this setting, an excellently working static variable and value ordering is known. It
instantiates the array of variables from left to right and from top to bottom and enu-
merates values in the order r, l, b, a1, . . ., ak [QW07]. We denote this heuristic in the
following with Static. Sometimes we refer with Static only to the variable ordering from
left to right, but it will be clear from context what is meant. We denote the value or-
dering of Static with Min (since in our implementation the domain is ordered in exactly
this way), and the reverse order with Max.
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For justi�cation of the Static heuristic consider the following example.

Example 4.1. Assume an instance with �ve employees and two activities and a time

point t such that d(a1, t) = d(a2, t) = 2. Assume further the heuristic instantiated all

variables Xij with j < t to 0, i.e., the employees rest, and the next variable to instantiate

is X1t. Now, Static selects value 0, GAC on the columns implies the other variables to

take values a1 or a2. After setting X2t and X3t to a1 (since a1 is the least value in their

domains) GAC infers that X4t = X5t = 4. Hence also the lexicographical constraints are

consistent. Moreover, because an employee has to work at least one hour on one activity

the next three columns are already determined by GAC on the rows.

Summarizing we can say that the static ordering works well because it tries to assign
working activities as late as possible, obeys the lexicographical constraints, and yields
good propagation.

We already noted that constraint-centered heuristics and normal value orderings di�er
with respect to the search algorithm, in particular constraint-centered heuristics perform
2-way branching whereas we described backtrack search with n-way branching (for a
deeper comparison see [HM05]). The di�erence is basically that in 2-way branching at
each node we have the decision (Xi = a) ∨ (Xi 6= a) whereas in n-way branching we
have the decision

∨
d∈Di

Xi = d. Obviously, we can simulate n-way branching with 2-way
branching but not necessarily the other way round. Since in principle di�erent search
procedures are deployed, we will not compare constraint-centered heuristics directly with
the other value heuristics, but compare only among them.

As we want to compare value orderings we �x a variable ordering and combine it with
di�erent value orderings. We concentrate on the orderings dom, wdeg, and the Static
ordering from left to right.

Our �rst idea was to solve the problems using dom and di�erent value orderings,
but after few instances we noticed that this approach cannot �nd solutions to harder
instances, unless we combined dom with the static value ordering Min. So we switched
to the Static variable ordering and combined this with di�erent value heuristics. In all
our experiments we set the timeout to 1 hour. We did not expect any approach to prove
optimality, because even in [QW07] where they perform propagation without counting
the CSP solver is not capable of this.

We list our results for the described experiment in Table 4.1. The �rst column gives the
value ordering, the second column the number of backtracks, and the last two columns
the best solution and the time (in seconds) until �nding it, respectively. Dashes indicate
that no solution was found at all. We include the results for Static ordering as baseline
in each table. As we showed in Example 4.1 the value ordering of Static relies heavily on
domain knowledge. Hence it is more fair to compare against a heuristic that selects the
values randomly, because this corresponds to completely uninformed search. We denote
this value ordering with Random.

56



4.2 Rostering Benchmark

A single instance of the benchmark is identi�ed by a triple (k, nr, e), where k is the
number of activities, e the number of employees and nr the instance number of the
benchmark as in [QW07]. The instance is indicated below the respective values in Table
4.1.
Looking at the results (Table 4.1) we observe that the Static ordering is really superior

with respect to best solution and, most notably, with respect to time to �nd it. This
ful�lls our expectations because Static was especially designed for this problem. We
can also see that the counting-based heuristics usually �nd a better solution than the
random approach (except for instances (2, 5, 4) and (2, 6, 5)). This can be explained by
the better capability of the counting-based heuristics for �nding solutions. Therefore a
better solution is found earlier with higher probability. A larger part of the search space
is explored, since the objective function can thus prune earlier. This observation is also
supported by a higher number of backtracks in most of the instances. We have no good
explanation for the behavior in instance (2, 5, 4), where Random found a better solution
but exhibits less backtracks. We conjecture that choices in the beginning lead the
search to a part of the search tree, where failures occur later or where are less solutions.
The higher computational overhead for computing the counting-based heuristic is not
re�ected in the results, so it seems to pay o� compared to Random. Among the counting-
based heuristics there is hardly a di�erence; we conjecture them to behave almost equally
in a setting when every variable is subject to only two constraints.
We shortly recapitulate the heuristics we compare in the experiments.

MaxMinSD Selects the value that has the highest minimal solution density over all
constraints.

MaxSCProd Selects the value such that the product of the solution densities is maxi-
mal.

MaxSDProd Selects the value such that the product of the solution counts is maximal.

MaxMean Selects the value such that the sum of the solution densities is maximal.

MaxSD Selects the value with the highest solution density in some constraint.

MaxWMean Selects the value that maximizes the weighted sum of its solution densities;
the weights are according to the constraints' weights.

MaxSD (2-way) Selects the assignment with maximal solution density in the problem.

MinSC/MaxSD (2-way) Selects the assignment with highest solution density in the
constraints with least solutions.

MaxSD2 (2-way) Selects the assignment that maximizes a di�erent notion of solution
density.
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ordering bt best t bt best t

Static 1155285 26.75 1.1 266521 21.0 1.2
Static, Random 306823 29.50 13.3 301405 22.0 12.4
Static, MaxMinSD 528470 28.25 1.7 281577 21.0 1823
Static, MaxSCProd 594700 28.50 5.9 392131 21.0 1321
Static, MaxSDProd 536292 28.25 225 397968 21.0 1290
Static, MaxMean 521373 28.25 225 397940 21.0 1295
Static, MaxSD 397249 28.25 317 285308 21.0 1790

(1, 2, 4) (1, 8, 3)
Static 321072 38.0 181 299257 37.00 0.9
Static, Random 90631 � � 315912 43.25 489
Static, MaxMinSD 114781 � � 560304 42.75 262
Static, MaxSCProd 112134 � � 568406 42.75 251
Static, MaxSDProd 113389 � � 560111 42.75 278
Static, MaxMean 112607 � � 550784 42.75 286
Static, MaxSD 82728 � � 380725 42.75 403

(1, 4, 6) (1, 3, 6)
Static 909666 24.0 0.8 466053 19.00 1817
Static, Random 76778 � � 187994 20.25 623
Static, MaxMinSD 383759 24.0 2278 204567 20.00 3417
Static, MaxSCProd 360913 24.0 1426 169018 19.00 1016
Static, MaxSDProd 381706 24.0 2293 174521 19.00 1020
Static, MaxMean 387594 24.0 2261 174730 19.00 1013
Static, MaxSD 292682 24.0 3063 173673 19.00 1021

(1, 5, 5) (2, 9, 3)
Static 496431 26.50 1.3 188528 25.0 8.9
Static, Random 179918 25.50 312 167165 25.0 1612
Static, MaxMinSD 364047 26.50 178 191501 25.0 105
Static, MaxSCProd 371330 26.25 100 165198 25.0 30.4
Static, MaxSDProd 368792 26.25 145 189357 25.0 34.7
Static, MaxMean 364335 26.50 150 189357 25.0 35.9
Static, MaxSD 354681 26.00 105 188814 25.0 18.0

(2, 5, 4) (2, 1, 5)
Static 276137 31.50 117 84175 26.75 2.2
Static, Random 236897 37.00 201 137422 24.75 3202
Static, MaxMinSD 320439 35.25 3586 128108 27.50 487
Static, MaxSCProd 310029 35.50 562 118862 27.50 16.5
Static, MaxSDProd 336247 35.25 1210 126192 27.50 16.0
Static, MaxMean 323337 35.00 1290 90605 27.50 8.6
Static, MaxSD 328144 34.75 1230 126267 27.50 6.1

(2, 8, 5) (2, 6, 5)

Table 4.1: Results for Static variable ordering and varying value ordering.
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ordering bt best t bt best t

MaxSD 305189 26.25 437 222876 20.50 370
MaxSD2 118290 26.75 3381 215947 21.00 16.3
MinSC/MaxSD 232539 28.00 739 360876 21.25 1101

(1, 2, 4) (1, 8, 3)
MaxSD 103477 � � 444200 43.75 1595
MaxSD2 117678 � � 374930 39.25 1.4
MinSC/MaxSD 132147 38.5 3023 354046 41.50 2566

(1, 4, 6) (1, 3, 6)
MaxSD 702040 27.25 279 262322 19.00 50.0
MaxSD2 276632 25.00 1.0 190685 21.00 2392
MinSC/MaxSD 262804 24.50 1788 149900 19.25 3090

(1, 5, 5) (2, 9, 3)
MaxSD 306472 26.75 696 178332 25.0 151
MaxSD2 225141 25.50 1.4 218896 25.0 1321
MinSC/MaxSD 310494 26.50 1361 253316 25.0 816

(2, 5, 4) (2, 1, 5)
MaxSD 333116 34.50 406 124390 27.50 1949
MaxSD2 293309 36.25 1957 69817 � �
MinSC/MaxSD 327350 36.00 989 230883 26.75 1252

(2, 8, 5) (2, 6, 5)

Table 4.2: Results for solving the benchmark with constraint-centered heuristics

We conducted experiments under the same conditions for the constraint-centered
heuristics MinSC/MaxSD, MaxSD, and MaxSD2. The results for these experiments are
shown in Table 4.2. Again the results are not indicating that one heuristic is superior to
the others. We observe that the number of backtracks during the hour is usually smaller
for the MaxSD2 heuristic. This can be explained by the higher overhead of computing
it compared to MinSC/MaxSD and MaxSD (we implemented it using logarithms since
otherwise the quotients sc(C,Xi, a)/|D1| × . . .× |Dk| become too small).

A principal problem of the benchmark is that as soon as we switch from decision prob-
lem to optimization problem, we tend to explore the complete search space, therefore
the value heuristic loses on in�uence. Moreover, since we do optimization and do not
perform counting on the objective function, the search for an optimal solution is more
or less blind. One way to overcome this problem would be a counting scheme on the
objective function. In fact, the goal here is to minimize the number of working hours,
so we can also use a simple pseudo constraint that gives preference to the values r, l,
and b.
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heuristic (1,2,4)(1,3,6)(1,5,5)(1,8,3)(1,4,6) (2,9,3)(2,5,4)(2,1,5)(2,6,5)(2,8,5)

Static 1.03 0.9 0.78 0.7 181 0.9 1 1.1 2.2 1.7
Static, Random 1.4 0.7 � 0.7 � 1.3 1.7 1.8 2 2.2
Static, MaxMinSD 1.6 0.7 0.9 1.3 � 7 1.1 1.2 3.4 1.8
Static, MaxSCProd 5.9 0.8 1 0.7 � 1 1.1 1.1 1.6 2.5
Static, MaxSDProd 1.6 0.8 1 0.7 � 1 1.1 0.9 1.6 2.6
Static, MaxMean 1.6 0.8 1 0.7 � 1 1.1 1.1 2.2 2.5
Static, MaxSD 2.2 1.09 1.3 0.8 � 1.4 1.1 1.1 1.6 2.5

MaxSD 1.34 0.9 1.1 0.6 � 0.9 1.2 1.6 2.1 1.9
MaxSD2 16 0.7 0.8 1.3 � 5 1.3 13 � 13
MinSC/MaxSD 1.4 0.7 0.8 0.5 674 1.1 1 3.3 2 1.6

wdeg, Min 0.9 0.9 0.6 0.3 15 1.1 0.6 0.4 0.9 1.9
wdeg, Random 0.75 1.28 0.38 0.35 18.7 0.68 0.53 0.43 3.2 1.4
wdeg, MaxWMean 0.7 2.5 0.5 0.5 80 1.1 0.7 0.7 0.8 1.5

Table 4.3: Comparison of time to �nd �rst solution.

Based on the observation regarding optimization, we decided to conduct experiments
in order to compare the time for �nding the �rst solution, hence to solve the deci-
sion problem. We included also the weighted degree heuristics for selecting a variable
combined with Random, Min, and MaxWMean in these experiments. For the heuristics
that rely on weighted constraints we performed probing with restarts. The parameters
for this were 100 restarts with a cuto� of 40 fails in completely random search, i.e.,
with random variable and value selection. Already during probing we discovered that
the instances are easily satis�able, since even random search often succeeded in �nding
solutions. As indicated by the observation during probing we found that none of the
approaches clearly outperformed the others. Moreover, there is almost no backtracking
necessary to �nd solutions in either case. We present our results in Table 4.3. Note that
the results for Random value selection are averaged over 10 runs and that we additionally
omitted the symmetry breaking constraints for the weighted degree heuristics, since we
suspect the symmetry breaking constraints to impede the search to go into the direction
the weighted degree heuristic in combination with the value ordering suggest.
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5.1 Conclusion

Our main contribution is the presentation of a general couting scheme based on compila-
tion to the knowledge representation language sd-DNNF [DM02]. Our approach exploits
a linear time counting algorithm in this class [Dar01]. Our approach captures a known
solution counting algorithm for regular [ZP07], and provides us with the possibility
to count exactly solutions in extensional constraints and approximately in grammar

constraints, which are new results. This collection of constraints is rather expressive,
because several other constraints, such as among and element, can be formulated in
terms of them. Moreover, since BDDs are a subclass of sd-DNNF, we can also use our
algorithm to count solutions for theories or constraints that are represented as BDD for-
mulas. However, limitations of this approach are constraints, for which the counting
problem is #P-hard, for example alldifferent.

Our motivation was to make use of the information gained by solution counting in
value ordering heuristics. We considered the problem of a good value selection from
di�erent points of view and proposed, based on this, some new heuristics. We then
evaluated them by solving rostering problems. The results indicate a slightly better
performance compared to random value selection in terms of �nding better solutions in
the optimization problems. The investigation of the decision problems did not lead to
conclusions because the problems are too easy to satisfy.

5.2 Future Work

Of course, this thesis presents only an early attempt to examine counting-based value
heuristics. For a more complete analysis of the idea, we have to continue work in several
directions.

Although the constraints we have considered here are quite expressive, more work has
to be done in the area of counting, since there are still constraints where no solution
counting algorithm is known. Global cardinality and sequence constraints belong to
this group, and there might exist constraints were only approximation algorithms are
practicable, like for alldifferent [ZP07]. New approaches to counting solutions can
vary from expressing the constraint in terms of constraints an algorithm is known for,
over compiling constraints directly to sd-DNNF (be it automatically or constructive), to
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completely new counting schemes.
The space for other heuristics based on value orderings is not yet exhausted. We

imagine that other heuristics combine the constraint-centered information better, for
example by applying belief propagation techniques [HKBM07]. Also a better compar-
ison between 2-way branching and n-way branching in presence of sophisticated vari-
able/value ordering heuristics is necessary to understand the role of the value ordering
in practice better.
There are only few works that actually evaluate counting-based value selections. On

the one hand we can investigate the existing benchmarks in more depth. For example,
in our setting we can take the objective function into account or make the problems
arti�cially more di�cult by adding some random constraints. We conjecture that this
would break the dominance of the static variable and value ordering and possibly leads
to clearer picture in comparison to random orderings. On the other hand, provided new
counting algorithms, we can run benchmarks involving more types of constraints.
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