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Abstract

Stepping is folklore in debugging of procedural programming languages that allows
developers to focus their attention to each statement of their program one after the other.
Recent results in the field of answer-set programming (ASP) debugging brought forth a
formalism for stepping through answer-set programs. The main idea is to monotonically
build up an interpretation by, at each step, adding literals derived by a rule that is active
under the partial interpretation obtained in the previous step. As the stepping framework
was, so far, introduced only for theoretical ASP languages, in this thesis, we lift it to in-
put languages of state-of-the-art ASP solvers. For these purposes, we specify translation
of programs of these languages into so-called abstract-constraint programs, to which we
then apply Stepping. We also prove that stepping through a resulting abstract-constraint
program is sound and complete. Further, we formally describe the input language of the
grounder Gringo in order to specify such a translation and we indicate that this descrip-
tion and translation can be simply adapted for the solver DLV. The resulting version of
the stepping framework was implemented as the primary debugging mechanism of the
integrated development environment SeaLion.

Keywords: answer-set programming, debugging, integrated development environment
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Resumo

O Stepping é uma abordagem corrente na depuração de linguagens de programação
procedimentais, que ajuda os programadores a focarem-se individualmente em cada li-
nha de código dos seus programas. Desenvolvimentos recentes no estado-da-arte da
depuração de Programas de Conjunto de Resposta (ASP) introduziram a utilização de
Stepping para atravessar também programas ASP. Em resumo, a ideia é construir de
forma monótona uma interpretação que, em a cada iteração, adiciona os literais deriva-
dos da regra activa pela interpretação parcial obtida na iteração anterior. Até hoje, a ferra-
menta de Stepping existente está limitada a linguagens teóricas de ASP. Como tal, nesta
tese levantamos esta restrição para que esta ferramenta receba as linguagens dos siste-
mas de resolução de ASP como parâmetro de entrada. Com este intuito, especificamos
uma tradução de programas destas linguagens nos chamados programas de restrições
abstractos, aos quais depois podemos aplicar o Stepping. Para isto, demonstramos que
este Stepping aplicado a um programa de restrições abstracto é coerente e completo. Por
último, de modo a especificar a tradução anterior, descrevemos formalmente a lingua-
gem de entrada do instanciador Gringo, mostrando também como é que esta descrição
pode ser facilmente adaptada ao sistema de resolução DLV. A versão resultante desta
ferramenta de Stepping foi implementada como o mecanismo principal de depuração do
ambiente de desenvolvimento SeaLion.

Palavras-chave: programação por conjuntos de resposta, depuração, ambiente integrado
de desenvolvimento
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1
Introduction

Answer-set programming (ASP) has become a popular paradigm for declarative prob-
lem solving [GL02] that emerged from knowledge representation, non-monotonic rea-
soning and logic programming. Its main idea is to encode a computational problem into
a logic program whose stable models [GL88], referred to as answer sets, represent the
solutions of a problem instance. Due to constantly increasing efficiency of answer-set
solvers [BRS09; JBRS12], ASP has viable applications in many areas like semantic-web
reasoning [Pol05], planning [EFLPP00], diagnosis [EFLP99], configuration [SN99], super-
optimisation [BCVF06], and others.

A lack of suitable tools for development of answer-set programs despite these ad-
vances in the technology motivated the work on this issue and, in recent years, has
given rise to many results in debugging [BD05; PSEK09; BGPSTW07; OPT10a], testing
[NJOPT10; JNOPT11; OPPST12], or program modularity [JOTW09]. Moreover, an effort
to provide support as known for imperative programming languages in the form of an
integrated development environment (IDE) resulted in systems like APE [SVBF07], ASPIDE
[FRR11], and iGROM [Koz11].

One of such endeavours is the project Methods and Methodologies for Developing
Answer-Set Programs [OPT10b]. The goal of this project is to research new support tech-
niques for ASP and their realisation in the IDE called SeaLion [BOPST13]. A number of
approaches to ASP debugging were studied during this project, but the one that was
chosen as SeaLion’s primary debugging mechanism is Stepping.

Stepping is a standard debugging technique for imperative programming languages,
where developers may focus their attention to each statement of their program one after
the other. As ASP has a genuine declarative semantics lacking any control flow, there is
no particular order in which an answer-set program is evaluated. The general idea of

1



1. INTRODUCTION

stepping through answer-set programs is to monotonically build up an interpretation by,
at each step, adding literals derived by a rule that is active under the partial interpretation
obtained in the previous step (a rule is active under an interpretation if that interpretation
satisfies the rule’s body). A stepping session usually starts from the empty interpretation,
the interpretation gradually growing throughout the session is only partial, resulting in
complete interpretation at the end when all the rules active under it already contributed.
The computation model used in Stepping ensures that, each answer set of a program can
be reached in this way, and if the process of stepping is steered towards a final interpre-
tation that is not an answer set, it will get into a state from which it is unable to proceed,
where the user may get insight into why the intended interpretation is not an answer set,
e.g., some constraint becomes irrevocably active. The declarativity of ASP is dealt with
by allowing the process to be interactive in the sense that, at each step, the user chooses
the active rule to proceed with and decides which literals of the rule should be considered
true or false in the target interpretation. In this way, Stepping breaks down the problem
of the search for bugs into smaller pieces and allows developers to investigate the be-
haviour of each rule separately. In order to achieve fast debugging, procedural language
debuggers allow to set breakpoints, i.e., to mark statements until which execution is done
automatically. Stepping has a similar feature called jumping. It allows to consider multi-
ple rules which are assumed to be correct at once. Hence, the search for an error can be
sped up by stepwise inspecting only suspicious parts of the program.

The ASP stepping framework was first introduced only for normal logic programs
in [OPT11], where it was merely of theoretical interest, as it did not consider aggre-
gates, disjunctive heads, arithmetic expressions, and other language features recognized
by modern solvers. To overcome these major limitations, the stepping framework was
lifted to description-logic programs [OPT12b]. In this thesis, we lift Stepping to the input
languages of Gringo [GKKS11] and DLV [LPFEGPS06] so that it is able to deal with all
the elements of typical answer-set programs in order to facilitate its implementation for
SeaLion. One of the reasons for this is to maintain the intuitive character of the step-
ping framework. For example, even though it is possible to translate some of the new
language features, e.g., aggregates, into normal logic programs, this translation is not in-
tuitive, while it results in a number of rules and the user may lose track of which rule
encodes which element of the original program. Thus, such a translation does not fit our
purposes. The other main principle we aim to follow is extensibility, that is an impor-
tant feature of SeaLion, which is designed to support further ASP languages. Following
this spirit, one of the requirements on our version of Stepping is that it fits both, Gringo
and DLV, and it is easy to extend it for other real-world ASP languages. This proves to be
a difficult task, as there are many unexpected differences between the target languages.
This problem was already addressed in [OPT12a] that characterises answer sets for a new
class of answer-set programs called abstract-constraint programs. This characterisation can

2



1. INTRODUCTION

be used as a common semantics for the both ASP languages. The stepping framework de-
fined for description-logic programs [OPT12b] can be used to step also through abstract-
constraint programs. Hence, a viable solution of our problems is to translate programs
of real-world ASP languages into abstract-constraint programs and use this version of
the stepping framework. Such a translation maintains intuitivity, because it is possible
to translate each element of a real-world answer-set program to a single element of an
abstract-constraint programs, as will be demonstrated later. Thus, the contributions of
this thesis are definition of a generic framework for specification of real-world ASP lan-
guages and translation of their programs into abstract-constraint programs, proofs that
stepping through a resulting abstract-constraint program is sound and complete, and
specification of the real-world ASP language of Gringo using this framework.

This thesis is structured as follows: In the following chapter we briefly review the
definition of abstract-constraint programs and the stepping framework. The next chapter
presents the notion of a real-world ASP language. In Chapter 4 we show how this notion
can be used to specify the input language of Gringo. And in Chapter 5 we describe
the realisation of Stepping in SeaLion. Finally, the last chapter discusses the results and
future goals.

3
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2
Preliminaries

A theoretical framework for stepping through answer-set programs was developed as a
part of the project Methods and Methodologies for Developing Answer-Set Programs
[OPT10b]. It is defined for abstract-constraint programs that are a common view on
semantics of many implementations of ASP paradigm. In the following section, we
present the abstract-constraint semantics, that is slightly adapted from the original ver-
sion [OPT12a], so that it suits with the rest of the theory. In the subsequent section we
present the stepping framework. It was first defined for very simple class of function-free
first-order normal programs [OPT11]. In this thesis, we present the version of the frame-
work that was used for description-logic programs in [OPT12b], because it seamlessly fits
for abstract-constraint programs. However, we define the framework over sets of ground
rules that are more general than abstract-constraint programs. These ground rules can be
mapped to abstract-constraint rules, so the abstract-constraint semantics apply to them
via this mapping.

2.1 Abstract-Constraint Semantics

Our goal is to lift the stepping framework to real-world ASP languages. The problem is
that there are many real-world ASP languages and we do not want to repeat the same
work of tailoring the framework for each of them separately. Thus, we rather develop a
generic framework that can be easily adapted to a number of real-world ASP languages.
In order to do this, we need a common and intuitive view on their semantics, on top of
which we then define Stepping. The practice to first ground a program and then define
its semantics over the grounding is already common. What is, however, not common

5



2. PRELIMINARIES 2.1. Abstract-Constraint Semantics

are many additional language constructs and extension in which the real-world ASP lan-
guages differ. We can define a common semantics after a language-specific grounding
process.

Some of the additional language extensions are simply translated into usual language
constructs (as rules or literals) during grounding. For example, a pooled term in a body
literal of a Gringo rule p :- q(1;2). is expanded into more literals p :- q(1), q(2).,
or an arithmetic function p :- q(1+2). is evaluated in to p :- q(3).. Such simple
grounding transformations are intuitive, so defining semantics after grounding is suf-
ficient for out purposes.

However, there are language extensions that do not have intuitive translation into
usual language constructs. Even if they are actually translated into ground rules by
the grounders, the links between the original non-ground rules and its groundings are
not obvious. Generally these may be various language constructs, e.g., description-logic
atoms [EILST08] or weight constraints [SNS02], but in Gringo and DLV this is the case
only for aggregates, or choice rules. If we want to define a common semantics after
grounding, these extensions must be grounded into some common representation.

Another issue to deal with is that programs with choice rules may have answer sets
that are not subset-minimal. For instance the following Gringo program:

1{a,b}2. (2.1)

has three answer sets: {a}, {b} and {a, b}.
These problems are addressed in [OPT12a] by defining a class of abstract-constraint

programs that are able to express aggregates directly as abstract-constraint atoms, and by
extending the traditional characterization of answer sets. This section summarizes these
results. The only adaptation is that we base the abstract-constraint semantics on what
we call propositional signature, so that it can be applied to a result of a generic language-
dependent grounding framework.

Definition 2.1. A propositional signature is a triple 〈σ+, σ−, compl(·)〉 of two disjoint count-
able sets of symbols σ+ and σ−, and a bijection compl(·) from σ+ to σ−.

The elements of the set σ+ are meant to represent propositional atoms and the ele-
ments of the set σ− are meant to be their negations. Thus we call two symbols s1 ∈ σ+

and s2 ∈ σ− with compl(s1) = s2 complementary.

In this section we assume a fixed propositional signature σp = 〈σ+, σ−, compl(·)〉 and
we denote σ = σ+ ∪ σ−.

An abstract-constraint atom, or c-atom, is a pair A = 〈D,C〉, where D ⊆ σ is a finite
set called the domain of A, denoted by DA, and C ⊆ 2D is a set of subsets of σ, called
the satisfiers of A, denoted by CA. A c-atom of the form 〈{l} , {{l}}〉 with l ∈ σ is called
elementary.

An abstract-constraint literal, or c-literal, is a c-atom possibly preceded by the default

6



2. PRELIMINARIES 2.1. Abstract-Constraint Semantics

negation symbol “not”. The domain of a c-literal L = notA is given by DL = DA. The
domain DS of a set S of c-literals is given by DS =

⋃
L∈S DL.

An abstract-constraint program, or simply c-program, is a finite set of c-rules of the form

A1| · · · |Ak ← Ak+1, . . . , Am,notAm+1, . . . ,notAn. (2.2)

where 0 ≤ k ≤ m ≤ n and any Ai, for 1 ≤ i ≤ n, is a c-atom.
For a c-rule r of the form (2.2), B(r) = {Ak+1, . . . , Am,notAm+1, . . . ,notAn} is the

body of r, B+(r) = {Ak+1, . . . , Am} is the positive body of r, B−(r) = {Am+1, . . . , An} is the
negative body of r, and H(r) = {A1, . . . , Ak} is the head of r. If B(r) = ∅ and H(r) 6= ∅,
then r is a fact. For facts, we usually omit the symbol “←”. The domain of a c-rule r is
Dr = DH(r) ∪DB(r).

An interpretation over σp is a consistent subset of σ, i.e. it does not contain two com-
plementary symbols. In this section, each interpretation is over σp.

An interpretation I satisfies a c-atom 〈D,C〉, symbolically I |= 〈D,C〉, if I ∩ D ∈ C.
Moreover, I |= not〈D,C〉 iff I 6|= 〈D,C〉.

An interpretation I satisfies a set B of c-literals, symbolically I |= B, if I |= L for all
L ∈ B. Moreover, I satisfies a c-rule r, symbolically I |= r, if I |= A for some A ∈ H(r)

whenever I |= B(r). As well, I satisfies a c-program P , symbolically I |= P , if I |= r for
every r ∈ P . If I |= P , we say that I is a model of P .

A c-rule r such that I |= B(r) is called active under I . The set P I = {r ∈ P | I |= B(r)}
of all active c-rules of a c-program P under an interpretation I is the FLP-transformation
of P [FPL11].

Definition 2.2. Let P be an abstract-constraint program and I an interpretation.
Then, I is an answer set of P if I |= P , and there is no I ′ ⊂ I such that

(?) for every r ∈ P I with I ′ |= B(r), there is some A ∈ H(r) with I ′ |= A and I ′ ∩DA =

I ∩DA.

The Gringo program in (2.1) translates to c-program P consisting of single fact

〈{a, b} , {{a} , {b} , {a, b}}〉.

According to Definition 2.2, also interpretation I = {a, b} is an answer set of P even
though it is not subset-minimal, because for no I ′ ⊂ I for which (?) holds. Consider
I ′ = {a} for example. The only rule in P is active under I and also under I ′, while it is a
fact. There is a c-atom in the head of the rule that is satisfied by I ′, but I ′∩{a, b} 6= I∩{a, b}
it is not satisfied using the same satisfier.

Definition 2.3. Let r be a c-rule, X a set of atoms and I an interpretation. Then, r is an
external support for X with respect to I if

• I |= B(r)

7



2. PRELIMINARIES 2.2. Stepping

• I \X |= B(r)

• there is some A ∈ H(r) with X ∩DA 6= ∅ and I ∩DA ⊆ C, for some C ∈ CA

• for all A ∈ H(r) with I |= A, we have (X ∩ I) ∩DA 6= ∅.

Definition 2.4. Let P be a c-program, X a set of atoms, and I an interpretation. Then, X
is unfounded in P with respect to I if there is no c-rule r ∈ P that is an external support for
X with respect to I .

Theorem 2.1. Let P be a c-program and I an interpretation. Then I is an answer set of P iff I is
a model of P and there is no set X with ∅ ⊂ X ⊆ I that is unfounded in P with respect to I .

Practically, we will be checking external support only for some X ⊆ I with respect to
some interpretation I . Hence the following lemma.

Lemma 2.2. Let r be a c-rule, X a set of atoms, and I an interpretation such that X ⊆ I and
I |= r. Then r is an external support for X with respect to I iff

• I |= B(r),

• I \X |= B(r),

• for all A ∈ H(r) with I |= A, we have X ∩DA 6= ∅.

The origin of this theorem and lemma is [OPT12a].

2.2 Stepping

In this section, we define the stepping framework over ground rules that are simply ab-
stract expression and we assume a fixed propositional signature σp = 〈σ+, σ−, compl(·)〉
and a fixed function c(·) that maps ground rules to c-rules over σp. By means of this
function, each ground rule has exactly one c-rule associated with it, thus we extend all
the notions defined for c-rules (as domain, head, or body) to the ground rules. For in-
stance, if r is a ground rule, then Dr = Dc(r), H(r) = H(c(r)), B(r) = B(c(r)) and similar.

The reason for this is that, for a real-world ASP language, it is not always possible to
define c(·) as an injection, so mapping ground rules to c-rules first and then working with
them in the framework would remove information. It could happen that two different
ground rules would be mapped to the same c-rule and even if the user would intend to
work only with one of these rules, the framework would act on both. In order to make the
stepping framework distinguish between such rules, we define it over the ground rules
and the transformation to c-rules is applied just before checking satisfaction or external
support according to the abstract-constraint semantics.

In this section, we address the elements of σ = σ+ ∪ σ− as literals and each interpre-
tation is over σp.

8



2. PRELIMINARIES 2.2. Stepping

2.2.1 States and Their Successors

The stepping framework is based on sequences of states, reassembling computations,
in which an increasing number of ground rules are considered and used to build up a
monotonically growing interpretation. Besides that interpretation, states also capture lit-
erals which cannot become true in subsequent steps and sets that currently lack external
support in the state’s interpretation.

Definition 2.5. A state structure S is a tuple 〈P, I, I−,Υ〉, where P is a set of ground rules,
I is an interpretation, I− a set of ground literals such that I and I− are disjoint, and Υ is
a set of sets of ground literals. We call DS = I ∪ I− the domain of S and define PS = P ,
IS = I , I−S = I−, and ΥS = Υ.

A state structure S is a state if

(i) IS |= B(r) and IS |= r for every r ∈ PS ,

(ii) Dr ⊆ DS for every r ∈ PS and

(iii) ΥS = {X ⊆ IS | X is unfounded in PS with respect to IS}.

We call 〈∅, ∅, ∅, {∅}〉 the empty state.

Condition (i) ensures that each rule fromPS is active and satisfied by IS , Condition (ii)
ensures that the truth value of each literal in PS is decided and recorded in IS or I−S , and
Condition (iii) states that ΥS is the set of all unfounded subsets of IS .

Now we are ready to formally state what we understand by the stability of a state.

Definition 2.6. A state S is stable if IS ∈ AS (PS).

Note that a state S is stable exactly when ΥS = {∅}. For example, the empty state is a
stable state.

In what follows, we show how we can proceed forward in a computation, i.e., which
states might follow a given state. This is expressed in the successor relation defined next.

Definition 2.7. For a state S = 〈P, I, I−,Υ〉 a state structure S′ = 〈P ′, I ′, I ′−,Υ′〉, S′ is a
successor of S if there is a ground rule r ∈ P ′ \ P and sets ∆,∆− ⊆ Dr such that

(i) P ′ = P ∪ {r},

(ii) I ′ = I ∪∆, I ′− = I− ∪∆−, and DS ∩ (∆ ∪∆−) = ∅,

(iii) Dr ⊆ DS′ ,

(iv) I |= B(r),

(v) I ′ |= B(r) and I ′ |= r, and

(vi) X ′ ∈ Υ′ iff X ′ = X ∪∆′, where X ∈ Υ, ∆′ ⊆ ∆, and r is not an external support for
X ′ with respect to I ′.

9
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We denote r by rnew (S, S′).

Condition (i) ensures that a successor state considers exactly one more rule to be ac-
tive. Conditions (ii) and (iii) express that the interpretations I and I− are extended by
the so far unconsidered ground literals in ∆ and ∆− appearing in the new ground rule
rnew (S, S′). Note that from S′ being a state structure we get that ∆ and ∆− are distinct. A
requirement for considering rnew (S, S′) as next ground rule is that it is active under the
current interpretation I , expressed by Condition (iv). Moreover, rnew (S, S′) must be sat-
isfied and still be active under the successive interpretation, as required by Condition (v).
The final condition ensures that the unfounded sets of the successor are extensions of the
previously unfounded sets that are not externally supported by the new rule.

Here, it is interesting that only extended previous unfounded sets can be unfounded
sets in the extended program P ′ and that rnew (S, S′) is the only ground rule which could
provide external support for them in P ′ with respect to the new interpretation I ′ as seen
next.

Theorem 2.3. Let S be a state and S′ a successor of S, where ∆ = IS′ \ IS . Moreover, let X ′ be
a set of literals with ∅ ⊂ X ′ ⊆ IS′ . Then, the following statements are equivalent:

(i) X ′ is unfounded in PS′ with respect to IS′ .

(ii) X ′ = ∆′ ∪X , where ∆′ ⊆ ∆, X ∈ ΥS , and rnew (S, S′) is not an external support for X ′

with respect to IS′ .

The result shows that determining the unfounded sets in a computation after adding
a further c-rule r can be done locally, i.e., only supersets of previously unfounded sets can
be unfounded sets, and if such a superset has some external support then it is externally
supported by r. The result also implies that the successor relation suffices to “step” from
one state to another.

Corollary 2.4. Let S be a state and S′ a successor of S, then S′ is a state.

The origin of all theorem, propositions and corollaries in this section is [OPT12b].

2.2.2 Computations

Next, we define computations based on the notion of a state. We denote a sequence of
n elements and an n-tuple in the same way, 〈o1, . . . , on〉, while both are essentially the
same, an ordered collection of objects oi for 1 ≤ i ≤ n.

Definition 2.8. A computation is a sequence C = 〈S0, . . . , Sn〉 of states such that Si+1 is a
successor of Si, for all 0 ≤ i < n. We call C rooted if S0 is the empty state.

A computation is considered complete when there are no more unconsidered active
rules in the program.

10
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Definition 2.9. Let P be a program and C = 〈S0, . . . , Sn〉 a computation such that PSn ⊆
P . Then, C is a computation for P . Moreover C is complete for P if for every rule r ∈ P ISn ,
we have r ∈ PSn .

The following result guarantees the soundness of our computation framework.

Theorem 2.5. Let P be a program and C = 〈S0, . . . , Sn〉 a complete computation for P such
that Sn is stable, then ISn is an answer set of P .

The computation model is also complete in the following sense:

Theorem 2.6. Let S0 be a state, P a program with PS0 ⊆ P , and I an answer set of P with
IS0 ⊆ I and I ∩ I−S0

= ∅. Then there is a computation 〈S0, . . . , Sn〉 for P such that Sn is stable,
PSn = P I and ISn = I .

As the empty state, 〈∅, ∅, ∅, {∅}〉, is trivially a state, we can make the completeness
aspect of the previous result more apparent in the following corollary:

Corollary 2.7. Let P be a program and I ∈ AS (P ). Then there is a rooted computation
〈S0, . . . , Sn〉 for P such that Sn is stable, PSn = P I , and ISn = I .

Note that there are states that do not result from any rooted computation. For exam-
ple, 〈{a← b} , {a, b} , ∅, {∅, {a, b} , {b}}〉 is not a successor of any other state. However, for
stable states we can guarantee the existence of such a computation.

Corollary 2.8. Let S be a stable state. Then, there is a rooted computation 〈S0, . . . , Sn〉 with
Sn = S.

Proposition 2.9. Let P be a program and C = 〈S0, . . . , Sn〉 and C ′ = 〈S′0, . . . , S′m〉 computa-
tions complete for P such that S0 = S′0. Then ISn = IS′m iff Sn = S′m and n = m.

Proposition 2.10. Let C = 〈S0, . . . , Sn〉 be a rooted computation. Then ISi = ISn ∩DPSi
and

I−Si
= I−Sn

∩DPSi
for all 0 ≤ i ≤ n.

11
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3
Stepping for Real-World ASP

Languages

While the stepping framework in Section 2.2 is defined over ground programs, obvious
way of lifting it to real-world programs that are generally not ground is to step through
their groundings. However, in order to maintain intuitivity, we want to let the user to
work with the original non-ground program. While one non-ground rule grounds gen-
erally into more instances, performing one step from a state S would proceed as follows:

• The user selects a non-ground rule ρ from the original non-ground program.

• The user selects an instance r of this rule that is active under the current partial
interpretation IS .

• The user divides the o-literals from r into the satisfied ones ∆ and the falsified ones
∆−, so that a successor of S can be computed from r, ∆ and ∆− according to the
conditions in Definition 2.7.

• The next state S′, a successor of S, is computed from r, ∆ and ∆−.

The problem is that different real-world ASP languages differ in their grounding process
and the way satisfaction of their ground rules is determined, but we do not want to have
separate versions of Stepping for each of them. The way we deal with these problems
is defining a generic framework for specification of a real-world ASP language, how it
is grounded, and how are its ground rules translated into abstract-constraint rules so
that their activation and satisfaction can be checked in a common way. This definition
is presented in Section 3.1 and the subsequent section contains proofs that the resulting

13
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stepping framework is sound and complete. The last section shows how it is possible
to jump over a number of rules instead of stepping through all of their active instances.
Before we proceed to these sections, we discuss our design decisions in more details.

While performing one step, we need to be able to offer the set of instances of a selected
rule that are active under IS for the user to choose from. So we need a specification of
grounding that acts on separate rules rather than whole programs. A naïve grounding
is not a good option, while it needs the information from the whole program, namely
all the constants occurring in it, and it results in a set of instances that is unnecessarily
big. Our solution is to parametrize the grounding procedure with meta-data collected
from the whole program. This meta-data may facilitate selection of instances that are
necessarily active under some answer set, which means they are needed to obtain the
answer set. This collection can be performed at the beginning of stepping through a
particular program, so that during the stepping each rule can be grounded separately.

Another issue is that grounding of some rules depends on answer sets of the program.
For instance the conditions (the o-literals following :) in the Gringo rule

p :- q(X) : c1(X) : c2(X). (3.1)

generate one instance of q(X) for each substitution of X that satisfies c1(X) and c2(X).
The grounder of Gringo deals with conditions by imposing restriction that they may con-
tain only “predicates that can be completely evaluated during grounding” [GKKOST].
Practically this means that predicates used in conditions may occur in heads of only those
rules that can be stratified with respect to negation and contain no disjunction nor aggre-
gates in heads. If this is satisfied, all literals of these predicates satisfied by any answer set
can be found relatively easily, which can be done during grounding. The other example
are the DLV aggregates that count all instances of their inner literals that are satisfied by
the resulting answer set. So in order to obtain a ground DLV aggregate, its inner literals
must be grounded into all their instances that may occur in any answer set. The naïve
grounding is a possible solution, but not a good one, while it generally produces a huge
number of instances. The grounder of DLV deals with this problem by imposing the re-
striction that the program must admit stratification with respect to aggregates. In such a
case, grounder may process the rules in the stratified order and collect all literals that may
occur in some answer set from heads of the resulting ground rules. When an aggregate
is grounded, the grounder can be sure that it knows all instances of its inner literals that
may occur in some answer set, while it already processed all the rules with these literals
in heads. The problem for the realization of Stepping is that we want to allow implemen-
tations that do not need to collect all the literals that may occur in some answer set before
the process of stepping begins (which is a costly task), while they collect the literals that
are supposed to occur in some answer set during the process of stepping. Being in state
S, these are the literals in IS . However, if only IS is used for grounding, it may happen
that some of the obtained instances are not obtained when grounding with the complete
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meta-data. For example, for the Gringo rule (3.1) this would be when IS does not yet
contain all literals with predicate symbols c1 and c2 that may be derived. If an instance
r from grounding using IS is used to continue the stepping, and later a new literals with
predicate symbols c1 and c2 are added to form state S′, there is suddenly r ∈ PS′ that is
actually not in grounding using IS′ of any rule in the original program. Obviously, this is
not the case if the computation follows a stratification with respect to predicate symbols
with which the grounding of a rule may change. By that we mean that once a rule is con-
sidered for stepping, all the literals with which its grounding may change must already
be in IS . The specification of real-world languages we present in this chapter deals with
these problems.

3.1 Real-World ASP Languages

Real-world ASP languages not only add a lot of new syntactical constructs (like aggre-
gates or arithmetic expressions), they also specify additional restrictions over programs
so that the new constructs are well defined (for instance type check for arithmetic expres-
sions), add semantics for these new constructs, define particular grounding procedures
for them, hence also redefine the meaning of the notion of “ground”. For example, con-
taining no variables is not a sufficient condition for being ground any more; a ground
rule should also not contain any arithmetic expressions, because those have fixed inter-
pretation and thus can be evaluated before applying the answer-set semantics.

In this section we build tools for a convenient description of a complicated syntax
of real-world ASP languages, then we define bases for specifying particular additional
restrictions, and finally we build an abstract framework that can be instantiated for par-
ticular real-world language to define its grounding procedure.

3.1.1 Syntax

If L = 〈s1, . . . , sn〉 and L′ = 〈s′1, . . . , s′m〉 are two sequences, their concatenation 〈s1, . . ., sn,

s′1, . . ., s
′
m〉 is denoted L ·L′ or 〈s1, . . . , sn〉 · 〈s′1, . . . , s′m〉. Concatenation of n sequences Lx

with 1 ≤ x ≤ n is denoted L1 · . . . · Ln.

Let S be a set of symbols. Then a string over S is a sequence of symbols from S.
In the case of symbol sequences we omit the angle brackets and commas, so the string
〈a, b, c〉 is denoted abc and an empty string 〈〉 is denoted ε. In case of strings, whenever
unambiguous, we also omit the concatenation operator, so if s and s′ are strings, s · s′ is
denoted ss′.

Definition 3.1. A context-free grammar, or CFG, G is a tuple G = 〈N,T, P, S〉, where

• N is a finite set of symbols called non-terminals,

• T is a finite set of symbols called terminals, such that N ∩ T = ∅,
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• P is a finite set of production rules over N and T , or simply productions over N and
T , of the form α→ β, where α ∈ N and β is a string over N ∪ T , and

• S ∈ N ∪ T is a symbol called start symbol.

Moreover, if s and s′ are strings overN ∪T , we say that s directly yields s′, denoted s⇒ s′,
if there is α→ β ∈ P and two strings s1, s2 overN∪T , such that s = s1αs2 and s′ = s1βs2.
We say that s yields s′, denoted s

∗⇒ s′, if there are strings s1, s2, . . . , sn over N ∪ T , such
that s = s1 ⇒ s2 ⇒ . . .⇒ sn = s′. G accepts (or recognizes) a string s over T iff S ∗⇒ s.

Context-free grammars are very simple and specifying syntax of a real-world ASP
language would result in a huge context-free grammar. That is why we define a few
abbreviations.

Definition 3.2. Let N and T be a finite set of symbols with N ∩ T = ∅, then an augmented
production expression over N and T is

• either a string over N ∪ T , or

• a concatenation e1e2 of augmented production expressions e1 and e2, or

• an option [e] of a augmented production expression e, or

• a repetition {e} of a augmented production expression e.

Moreover, vars(e) is the set of symbols from N occurring in the augmented production
expression e and {̇e}̇ = e{e}where e is an augmented production expression.

Definition 3.3. Let N and T be a finite set of symbols with N ∩ T = ∅, then an augmented
production rule, or simply a-production, over N and T is of the form α → β where α ∈ N
and β is an augmented production expression over N and T . Moreover, vars(α→ β) =

{α} ∪ vars(β).

Definition 3.4. Let N and T be a finite set of symbols with N ∩ T = ∅, let P be a set of
a-productions over N and T , and let H ⊆ N ∪ T , then a projection of P to H , denoted
P |H , is a set of a-productions obtained from P by removing each a-production r ∈ P that
contains some symbol that is not in H .

Definition 3.5. LetN and T be a finite set of symbols withN ∩T = ∅, and let e be an aug-
mented production expression over N and T . Then τ (e) = 〈e′, P ′, N ′〉 is a triple, where
e′ is an augmented production expression over N ∪ N ′ and T , P ′ is a set of productions
over N ∪N ′ and T , and N ′ is a set of fresh symbols such that N ′ ∩ (N ∪ T ) = ∅, defined
as follows:

• τ (e) = 〈e, ∅, ∅〉, where e is a string,

• τ (e) = 〈e′1e′2, P1 ∪ P2, N1 ∪N2〉, where e = e1e2 is a concatenation and τ (e1) =

〈e′1, P1, N1〉, τ (e2) = 〈e′2, P2, N2〉 such that N1 ∩N2 = ∅ and (N1 ∪N2)∩ (N ∪T ) = ∅,
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• τ (e) = 〈V, P1 ∪ {V → e′1, V → ε} , N1 ∪ {V }〉, where e = [e1] is an option, V is a
fresh symbol such that V /∈ N1 ∪ (N ∪ T ), and τ (e1) = 〈e′1, P1, N1〉,

• τ (e) = 〈V, P1 ∪ {V → e′1V, V → ε} , N1 ∪ {V }〉, where e = {e1} is a repetition, V is a
fresh symbol such that V /∈ N1 ∪ (N ∪ T ), and τ (e1) = 〈e′1, P1, N1〉.

Moreover, if α → e is an a-production over N and T , and τ (e) = 〈e′, P ′, N ′〉 such that
α /∈ N ′, then τ (α→ e) = 〈{α→ e′} ∪ P ′, N ′〉, and if P = {r1, . . . , rn} is a set of n a-
productions over N and T , then τ (P ) = 〈

⋃n
i=1 Pi,

⋃n
i=1Ni〉, where τ (ri) = 〈Pi, Ni〉 for

1 ≤ i ≤ n.

Definition 3.6. An augmented grammar, or simply a-grammar, is a tupleG = 〈N,R, T, P, S〉,
where

• N is a finite set of symbols called non-terminals,

• R is a finite set of symbols called reserved words, such that N ∩R = ∅,

• T is a finite set of symbols called terminals, such that N ∩ T = ∅ and R ∩ T = ∅,

• P is a finite set of a-productions over N and R ∪ T ,

• S ∈ N ∪ T is a symbol called start symbol, and

• G′ = 〈N ∪N ′, R ∪ T, P ′, S〉with τ (P ) = 〈P ′, N ′〉 is a context-free grammar.

Moreover, a string over N ∪R ∪ T is accepted (or recognized) by G iff it is accepted by G′.

Describing a syntax of a real-world language using an a-grammar is much more con-
venient and has the same expressivity as when using a context-free grammar.

Practically, grammars are not used to specify languages completely, they do not spec-
ify what actual symbols are represented by their terminals. For example, an atom is usu-
ally a terminal of the grammar of a theoretical ASP language, but this grammar does not
specify what symbols are considered to be atoms. Usually, signatures serve this purpose
by specifying what symbols are considered to be which terminals. However, in our case,
we do not know ahead what are all the terminals for which a signature is needed, so we
use a generic syntactic configuration as a complete description of a syntax of a real-world
ASP language.

Definition 3.7. A syntactic configuration is a triple S = 〈G,Σ, σ(·)〉, where

• G = 〈N,R, T, P, S〉 is an a-grammar,

• Σ is a set of symbols disjoint with N , R and T , and

• σ(·) is a function from Σ to T .
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Moreover, we extend σ(·) to strings, such that for some string e, σ(e) is a string ob-
tained from e by replacing every symbol x ∈ Σ occurring in ewith σ(x). If s ∈ N∪T , then
an element for s of S, or simply a S-element for s, is a string e, such that σ(e) is accepted by
〈N,R, T, P, s〉. An S-element is simply an element for some s ∈ N ∪ T of S.

An element is a part of a real-world program represented by some non-terminal or
terminal, e.g. rule, literal or even the whole program. We cannot simply say that it is a
substring of a program accepted by the grammar starting from some of its non-terminal
or terminal, because some symbols must first be replaced by the non-terminals they rep-
resent.

If <symbol> is some non-terminal or terminal of an a-grammar G in syntactic con-
figuration S, we use notation “S-symbol” to denote an element for <symbol> of S. For
instance if G contains symbols <program>, <rule>, <objective literal> or <predicate symbol>
in its N or T , a S-program, a S-rule, a S-objective literal (or shortly an S-o-literal) and a
S-predicate symbol are S-elements for <program>, <rule>, <objective literal> and <predicate
symbol>, respectively.

The following grammar aims at defining a common ground which all real-world ASP
languages should extend.

Definition 3.8. The basic ASP grammar is the a-grammar GB = 〈N,R, T, P, S〉, where

• N =
⋃
α→β∈P {α}

• R = {:-, ., |, ,, not, -, (, )}

• T = {<predicate symbol>, <variable>, <constant>, <function symbol>}

• P is the set of the following a-productions:

– <program>→ {<program element>}

– <program element>→ <rule>

– <rule>→ <head>[:-<body>].

– <head>→ [<head literal>{|<head literal>}]

– <head literal>→ <objective literal>

– <body>→ [<body literal>{,<body literal>}]

– <body literal>→ <literal>

– <literal>→ [not]<objective literal>

– <objective literal>→ [-]<predicate symbol>[(<term>{,<term>})]

– <term>→ <variable>

– <term>→ <constant>

– <term>→ <function>

– <function>→ <standard function>
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– <standard function>→ <function symbol>(<term>{,<term>})

• S = <program>

Next we define what we mean by “extend”:

Definition 3.9. LetG = 〈N,R, T, P, S〉 be an a-grammar with TN ⊆ T , and letN∆ be a set
of symbols such thatN∆∩N = ∅,R∆ be a set of symbols such thatR∆∩R = ∅, T∆ be a set
of symbols such that T∆ ∩ T = ∅, and P∆ be a set of a-productions such that P∆ ∩ P = ∅.
Then an extension of G with respect to TN , N∆, R∆, T∆ and P∆ is the a-grammar ext(G,
TN , N∆, R∆, T∆, P∆) = 〈N ∪ TN ∪N∆, R ∪R∆, (T \ TN ) ∪ T∆, P ∪ P∆, S〉.

We say that an a-grammar G′ extends an a-grammar G iff G′ = ext(G,TN , N∆, R∆,

T∆, P∆) for some TN , N∆, R∆, T∆ and P∆.
A syntactic configuration S = 〈G,Σ, σ(·)〉 is basic if G extends GB .
Let S be a basic syntactic configuration and e an S-element. Then vars(e) is the set

of all S-variables occurring in e and ps(e) is the set of all S-predicate symbols occurring
in e. The terms occurring directly within parenthesis of a objective literal or a standard
function are called arguments of the literal or the function. We denote them by args(e),
which is formally defined as follows:

• args(e) = 〈a〉, where e = s(a) is a S-head or body literal or a S-function, s is a
string, and a is a term,

• args(e) = 〈a〉 · args(s(x)), where e = s(a,x) is a S-head or body literal or a S-
function, s and x are strings, and a is a term,

• args(e) = 〈〉 otherwise.

If L is a set of S-o-literals and S is a set of S-predicate symbols, then L|S ⊆ L is a set of
S-o-literals from Lwith S-predicate symbols from S. Formally L|S = {l ∈ L | ps(l) ⊆ S}.
S-o-literals starting with symbol - are called negative. All other S-o-literals are positive.

3.1.2 Additional Restrictions

Not all programs following the syntax of a real-world ASP languages are a valid real-
world programs. Real-world ASP languages often define number of restrictions their
programs must satisfy additionally to following the syntax. These may be for example
variable safety, or subterms of arithmetic expressions must be evaluable to integers con-
stants, or stratification with respect to aggregates.

Definition 3.10. Let S be a basic syntactic configuration, then a restriction additional to S
is a predicate over S-programs.

As explained at the beginning of this chapter, real-world ASP languages always re-
quire their programs to admit stratification with respect to predicate symbols with which
the grounding of their rules may change. Thus, here we formalize this fact.
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Definition 3.11. Let S be a basic syntactic configuration, Π a set of S-rules, and A(·) and
B(·) functions mapping every S-rule ρ ∈ Π to a subset of ps(ρ). Then a stratification of
Π with respect to A(·) and B(·) is a partitioning 〈Π1, . . . ,Πn〉 of Π, such that Π =

⋃n
i=1 Πi,

Πi ∩Πj = ∅ for any 1 ≤ i, j ≤ n and:

(i) if there is ρ ∈ Πi with p ∈ ps(ρ), such that if A(ρ) 6= ∅ then p 6= q for some q ∈ A(ρ),
then there is no ρ′ ∈ Πj with p ∈ A(ρ′) and i < j,

(ii) if there is ρ ∈ Πi with p ∈ B(ρ), then there is no ρ′ ∈ Πj with p ∈ A(ρ′) and i ≤ j.

Moreover, Π admits stratification with respect to A(·) and B(·) iff there exists a stratification
of Π with respect to A(·) and B(·). And a S-program ΠS admits stratification w.r.t. A(·) and
B(·) iff the set of all S-rules in ΠS admits stratification with respect to A(·) and B(·).

3.1.3 Semantics and Grounding

Variables are not the only elements that cannot occur in a ground real-world answer-set
program. The following definition parametrizes the notion of “ground” and allows each
real-world ASP language to specify which of its elements can be considered ground.

Definition 3.12. Let S = 〈G = 〈N,R, T, P, S〉,Σ, σ(·)〉 be a basic syntactic configuration
and let H be a set of symbols called non-ground symbols, such that {<variable>} ⊆ H ⊆
N ∪ T . Then an element for s ∈ (N ∪ T ) \ H of 〈GH ,Σ, σ(·)〉, where GH = 〈N \H , R,
T \H , P |(N∪T )\H , s〉, is called ground with respect to H .

A semantic configuration is supposed to summarize semantic features of a real-world
ASP language. It defines what elements of the language are ground and what is the
connection to the abstract-constraint semantics.

Definition 3.13. Let S = 〈G = 〈N,R, T, P, S〉,Σ, σ(·)〉 be a basic syntactic configuration,
then a semantic configuration for S is a tuple SS = 〈H , σp, c(·)〉, where

• H is a set of symbols called non-ground symbols, such that {<variable>} ⊆ H ⊆ N∪T ,

• σp = 〈σ+, σ−, compl(·)〉 is a propositional signature, with σ+ being a set of all pos-
itive S-o-literals ground w.r.t. H , σ− being a set of all negative S-o-literals ground
w.r.t. H and compl(l) = -l, and

• c(·) is a functions mapping each S-rule r ground w.r.t. H to a c-rule over σp

(if P is a set of S-rules ground w.r.t. H , then c(P ) =
⋃
r∈P c(r)).

We say that S-elements ground with respect to H are SS-ground. Also an interpretation
over σp is called SS-interpretation (a consistent set of SS-ground S-o-literals).

A real-world ASP language defines its syntax, restrictions additional to the syntax,
how the abstract-constraint semantics applies to it, and how it is grounded.
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Definition 3.14. A real-world ASP language is a tuple L = 〈S,DP(·),SP(·),AR,SS , prep(·),
gr(·, ·, ·)〉, where

• S is a basic syntactic configuration,

• DP(·) and SP(·) are functions that map every S-rule ρ to a subset of ps(ρ),

• AR is a set of restrictions additional to S
(a S-program satisfying all the restrictions in AR is called valid for L or simply L-
valid),

• SS = 〈H , σp, c(·)〉 is a semantic configuration for S,

• prep(·) is a function that maps every L-valid S-program ΠS to a triple 〈Π, B,E〉 of
a set Π of S-rules, a set B of SS-ground S-o-literals and a set E of S-elements
(OK (Π, B,E) is a predicate that holds iff there is some L-valid S-program ΠS with
prep(ΠS) = 〈Π′, B,E〉 and Π ⊆ Π′),

• gr(·, ·, ·) is a function mapping every S-rule ρ, every set B of SS-ground S-o-literals
and every set E of S-elements, for which OK ({ρ} , B,E) holds, to a set of SS-
ground S-rules
(if Π is a set of S-rules with OK (Π, B,E), then gr(Π, B,E) =

⋃
ρ∈Π gr(ρ,B,E)),

such that

(i) for every S-rule ρ, DP(ρ) ⊆ ps(ρ) is a subset of S-predicate symbols occurring in
the S-head of ρ,

(ii) if ΠS is a L-valid S-program with prep(ΠL) = 〈Π, B,E〉, then Π admits stratification
with respect to DP(·) and SP(·),

(iii) if r is a SS-ground S-rule, then for some B and E it holds that OK ({r} , B,E) and
gr(r,B,E) = {r},

(iv) for every S-rule ρ, if r ∈ gr(ρ,B,E) for some B and E, then ps(H(c(r))) = DP(r) ⊆
DP(ρ), SP(r) ⊆ SP(ρ) and ps(r) ⊆ ps(ρ),

(v) for every S-rule ρ, setsB1 andB2 of SS-ground S-o-literals withB1|SP(ρ) = B2|SP(ρ),
and a set E of S-elements, such that OK ({ρ} , B1, E) and OK ({ρ} , B2, E), we have
gr(ρ,B1, E) ⊆ gr(ρ,B2, E) if B1 ⊆ B2 and gr(ρ,B1, E) = gr(ρ,B2, E) if B1 = B2,

(vi) for every S-rule ρ, set B of SS-ground S-o-literals, SS-interpretation I with I ⊆ B

and B|SP(ρ) = I|SP(ρ), and a set E of S-elements, such that OK ({ρ} , B,E) and
OK ({ρ} , I, E), we have gr(ρ,B,E)I ⊆ gr(ρ, I, E),

(vii) for every L-valid S-program ΠS with prep(ΠS) = 〈Π, B,E〉 and every answer set
I ∈ AS (c(gr(Π, B,E))) it must hold that I ⊆ B.
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A grounding of a S-program ΠS valid for L with prep(ΠS) = 〈Π, B,E〉 is grL(ΠS) =

gr(Π, B,E). An answer set of ΠS is an SS-interpretation I iff I ∈ AS (c(grL(ΠS))). We
denote the set of all answer sets of ΠS with AS (ΠS).

The main purpose of this specification is to facilitate a description of per-rule ground-
ing process of real-world ASP languages. The actual grounding is performed by function
gr(·, ·, ·). If ρ is a S-rule and gr(ρ,B,E) = P for some B and E, the elements of P
are called instances of ρ. Condition (iii) ensures the idempotence of the grounding func-
tion and Condition (iv) ensures that instances of ρ contain no S-predicate symbol that is
not in ρ. In order to enable grounding per-rule, a real-world program ΠL must be first
preprocessed by function prep(ΠL) = 〈Π, B,E〉 that extracts meta-data B and E from
it and returns a set of S-rules Π that can be grounded separately using this meta-data.
It is not possible to ground arbitrary S-program, e.g., when the program contains un-
safe variables. Additional restrictions AR and the notion of valid program determine for
what programs it is possible and predicate OK (·, ·, ·) breaks this notion down to separate
rules. Condition (iii) says that any ground rule is valid. The purpose of the functions
DP(·) and SP(·) together with Condition (ii) is to ensure stratification with respect to
predicate symbols with which grounding of rules change. So for a S-rule ρ, the set SP(ρ)

(called sensitive predicates) is meant to contain predicate symbols occurring in aggregates
or Gringo conditions, and DP(ρ) (called derived predicates) are meant to be predicate sym-
bols of o-literals this rule may derive. Conditions (i) and (iv) ensure this.

The other purpose of this specification is to define a link between the result of ground-
ing and the abstract-constraint semantics, so that the stepping framework can be used.
This is done via the function c(·) of semantic configuration SS . By means of this function,
each SS-ground S-rule has exactly one c-rule associated with it. From now on, within
the context of a real-world ASP language L, we will treat each SS-ground S-rule r as its
abstract-constraint counterpart c(r) and use Dr = Dc(r), H(r) = H(c(r)), B(r) = B(c(r))

and similar.

The rest of the conditions in the definition allow us to use IS to ground rules in state
S during Stepping. Particularly Condition (vi) ensures that grounding with an interpre-
tation contains all instances active under this interpretation. Condition (v) ensures that if
two literal sets contain the same literals of sensitive predicates of a rule, groundings with
these sets are comparable. This means that if the user chooses to add an instance of such a
rule, it will not disappear from PS′ of a state S′ reachable by computation. Condition (vii)
says that B obtained from prep(·) contain all o-literals that may be derived.

We say that a S-element (a S-program, a S-rule, or a S-o-literal) is also a L-element
(a L-program, a L-rule, or a L-o-literal), an SS-interpretation is an L-interpretation, and
SS-ground L-element is L-ground.
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3.2 Non-ground Computations

This section extends the stepping framework to real-world programs. The main idea is
that a computation for a real-world program ΠL of a real-world language L is a compu-
tation for grL(ΠL). Theoretically, before starting a computation, meta-data for grounding
needs to be obtained by prep(ΠL) = 〈Π, B,E〉. Then, being in state S, performing one
step would proceed as follows:

(1) A L-rule ρ with an instance active under IS is chosen from Π,

(2) its instance r active under IS is chosen from gr(ρ,B,E)IS ,

(3) L-ground L-o-literals from Dr are divided between the satisfied ones ∆ and the falsi-
fied ones ∆−, so that a successor of S can be computed from r, ∆ and ∆− according
to the conditions in Definition 2.7, and finally

(4) the next state S′, a successor of S, is computed from r, ∆ and ∆−.

However, we do not want to compute B that, by Condition (vii) of Definition 3.14, is a
superset of all answer sets of the program. This is as complicated task as performing the
whole grounding. Instead, we want to ground ρ with IS , so that (2) can be replaced by:

(2*) its instance r active under IS is chosen from gr(ρ, IS , E)IS .

Conditions (v), (vi) and (vii) of Definition 3.14 ensure that (2) is equivalent to (2*) when
B|SP(ρ) = IS |SP(ρ). This restricts the rules ρ that can be chosen in each step to those,
for which all literals of predicates in SP(ρ) that can ever be derived are already in IS .
We will formalize this property in Definition 3.15 that says that such a rule complies with
a stratification with respect to DP(·) and SP(·). If at each step of a computation the user
chose such a rule, then the computation follows the stratification. In what follows we define
these notions and prove that the stepping framework is sound and complete even if we
consider only computations that follow some stratification w.r.t. DP(·) and SP(·).

We start with a theorem that says that the stepping framework is sound also for real-
world programs.

Theorem 3.1. Let ΠL be a L-valid L-program of a real world language L and 〈S0, . . . , Sn〉 a
computation complete for grL(ΠL) such that Sn is stable. Then, ISn is an answer set of ΠL.

Proof. By Theorem 2.5, ISn ∈ AS (grL(ΠL)) and consequently ISn is an answer set of
ΠL.

Now we formally define when a rule complies with a stratification in a state.

Definition 3.15. Let ΠL be a L-program of a real-world language L that is L-valid, let
prep(ΠL) = 〈Π, B,E〉, and let 〈Π1, . . . ,Πn′〉 be a stratification of Π with respect to DP(·)
and SP(·). A L-rule ρ ∈ Πi′ complies with the stratification in a state Sn, if there is no
computation 〈Sn, . . . , Sm〉 for grL(ΠL) and no ρ′ ∈ Πj′ with j′ < i′ such that Sm is stable
and (PSm \ PSn) ∩ gr(ρ′, B, S) 6= ∅.
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Once a rule complies with a stratification in a state S, it complies with every state
following S in a computation.

Lemma 3.2. Let ΠL be a L-valid L-program of a real world language L with prep(ΠL) =

〈Π, B,E〉 and let 〈Π1, . . . ,Πn′〉 be a stratification of Π with respect to DP(·) and SP(·). Let
C = 〈Sn, . . . , Sm〉 be a computation for grL(ΠL) and let ρ ∈ Πi′ be a L-rule complying with the
stratification in Sn. Then ρ complies with the stratification in any state Si for n ≤ i ≤ m.

Proof. Towards contradiction suppose that ρ does not comply with the stratification in
Si. Then there is a computation C ′ = 〈S′n, . . . , S′i, S′i+1, . . . , S

′
m′〉 for grL(ΠL) with Sj = S′j

for n ≤ j ≤ i and stable S′m′ , and there is ρ′ ∈ Πj′ with j′ < i′ such that (PS′
m′
\ PS′i) ∩

gr(ρ′, B,E) 6= ∅. This is a contradiction with ρ complying with the stratification in Sn.

A computation follows a stratification if each added ground rule is an instance of a rule
that complies with the stratification. The definition is actually more complicated, while a
ground rule may be an instance of more rules and we impose the restriction only on the
rules from the lowest strata.

Definition 3.16. Let ΠL be a L-program of a real-world language L that is L-valid, let
prep(ΠL) = 〈Π, B,E〉, and let 〈Π1, . . . ,Πn′〉 be a stratification of Π with respect to DP(·)
and SP(·). A rooted computation 〈S0, . . . , Sn〉 for grL(ΠL) follows the stratification iff for
each 0 < i ≤ n each L-rule ρ ∈ {ρ′ | ρ′ ∈ Πi′ , rnew (Si−1, Si) ∈ gr(ρ′, B,E)}, where i′ is
minimal in {j′ | ρ′ ∈ Πj′ , rnew (Si−1, Si) ∈ gr(ρ′, B,E)}, complies with this stratification
in Si.

Note that the rooted computation C = S0 trivially follows any stratification of any
program.

Now we prove that the stepping framework is complete even if we consider only
computations that follow some stratification w.r.t. DP(·) and SP(·). This mean that every
answer set I of a program can be reached by some computation following such a stratifi-
cation. The proof is by induction on the number of ground rules we need to step through
in order to reach I . The following lemma is used in the step case, so it states that if the
premises of the completeness theorem are fulfilled and there is a ground rule we may
step through, the computation can be advanced by one step and number of the rules we
need to step through decreases.

Lemma 3.3. Let ΠL be a L-valid L-program of a real world language L with prep(ΠL) =

〈Π, B,E〉, let 〈Π1, . . . ,Πn′〉 be a stratification of Π with respect to DP(·) and SP(·), let C =

〈S0, . . . , Sn〉 be a rooted computation following this and let I be an answer set of ΠL with ISn ⊆ I
and I ∩ I−Sn

= ∅ such that there is some r ∈ grL(ΠL)I \ PSn active under ISn . Then there
is a rooted computation C ′ = 〈S0, . . . , Sn, Sn+1〉 following the same stratification, such that
ISn+1 ⊆ I , I ∩ I−Sn+1

= ∅ and |grL(ΠL)I \ PSn+1 | < |grL(ΠL)I \ PSn |.

Proof. Let R be a set of all L-ground L-rules from grL(ΠL)I \ PSn active under ISn . We
choose r ∈ R such that i′ with ρ ∈ Πi′ and r ∈ gr(ρ,B,E) is minimal in {j′ | ρ′ ∈ Πj′ , R ∩
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gr(ρ′, B,E) 6= ∅}. Let PSn+1 = PSn∪{r}, ISn+1 = ISn∪(I∩Dr), I−Sn+1
= I−Sn

∪(Dr \I), and
ΥSn+1 = {X | X = ∆′∪X ′,∆′ ⊆ (ISn+1 \ISn), X ′ ∈ ΥSn , r is not an external support forX
w.r.t. ISn+1}. Sn+1 is a successor of state Sn, therefore Sn+1 is also a state by Corollary 2.4.
It is clear that ISn+1 ⊆ I and I ∩ I−Sn+1

= ∅.

• Towards contradiction assume that C ′ does not follow the stratification.

• Then, as C follows the stratification, there is ρ ∈ Πi′ with r = rnew (Sn, Sn+1) ∈
gr(ρ,B,E) that does not comply with the stratification in Sn+1.

• Note that no such ρ complies with the stratification Sn+1 trivially, because by The-
orem 2.6 there is a computation 〈Sn+1, . . . , Sm〉 for grL(ΠL) such that Sm is stable.

• So there is a computation C ′′ = 〈S′0, . . . , S′n, S′n+1, . . . , S
′
m〉 with Si = S′i for 0 ≤ i ≤

n + 1 and stable S′m, and there is ρ0 ∈ Πk′ such that k′ < i′ and (PS′m \ PS′n+1
) ∩

gr(ρ0, B,E) 6= ∅.

• Let r0 ∈ (PS′m \ PS′n+1
) ∩ gr(ρ0, B,E).

• Towards contradiction assume that r0 is active under ISn . Then r0 ∈ grL(ΠL)I \PSn .
So r0 ∈ R. This is a contradiction with minimality of i′, as k′ < i′. Thus r0 is not
active under ISn .

• Now we construct a sequence of tuples tj = 〈ij , rj , Pj〉, where

– ij > n,

– rj = rnew (S′ij−1, S
′
ij

) such that there is ρj ∈ Πk′j
with rj ∈ gr(ρj , B,E) and

k′j ≤ k′,

– Pj ⊆ Drj such that IS′ij
\ Pj 6|= B(rj),

as follows:

– The sequence is starting with t0 = 〈i0, r0, ∅〉.

– Having tj = 〈ij , rj , Pj〉 in the sequence,

– a set X(x) =
⋃
P∈{Pl|il≤ix} P for 0 ≤ x ≤ j is unfounded in

⋃
r′′′′∈{rl|il≤ix} {r

′′′′}
with respect to IS′ix , as IS′ix′

\ Px′ 6|= B(rx′) for 0 ≤ x′ ≤ j.

– If there was no r′′′ = rnew (S′i′′′−1, S
′
i′′′) with i′′′ < i′′′′ where i′′′′ is minimal in

{il | il > ix}, there would be X(x′) ∈ ΥS′m where ix′ is maximal in
⋃j
l=0 {il},

which would be a contradiction to S′m being a stable.

– This means there is some pl ∈ Pl where l ∈ {l′ | 0 ≤ il′ ≤ ix} with ps(pl) ⊆
DP(r′′′).

– If r′′′ was equal to some rx with 0 ≤ x ≤ j, it would not be an external support
for X(x) with respect to IS′ix for the same reason as why rx is not.
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– Now by Definition 3.11, as ps(pl) ⊆ DP(ρ′′′) with r′′′ ∈ gr(ρ′′′, B,E), and while
there is ρl ∈ Πk′l

with rl ∈ gr(ρl, B,E) and k′l ≤ k′, it must hold that k′′′ ≤ k′

with ρ′′′ ∈ Πk′′′ .

– If r′′′ = r, this is a contradiction with k′ < i′ and the sequence ends with tj .

– Otherwise r′′′ is not active under ISn by an argument analogous to the one for
r0. But r′′′ is active under IS′

i′′′
.

– So i′′′ > n and there must be some p ∈ IS′
i′′′
\ IS′n such that IS′

i′′′
\ {p} 6|= B(r′′′).

– The next tuple in the sequence is tj+1 = 〈i′′′, r′′′, {p}〉.

• While the number of L-ground L-rules that can be added to the sequence is finite
and all the L-ground L-rules in the sequence must be unique, we will eventually
reach the contradiction with k′ < i′. Hence C ′ follows the stratification.

• Moreover, as it holds that r ∈ grL(ΠL)I \ PSn and PSn+1 = PSn ∪ {r}, we have that
|grL(ΠL)I \ PSn+1 | < |grL(ΠL)I \ PSn |.

The completeness theorem follows now. It states that if there is a computation on the
way to reach an answer set I that follows some stratification w.r.t. DP(·) and SP(·), then
it can me extended into a computation following the same stratification that ends in I .

Theorem 3.4. Let ΠL be a L-valid L-program of a real world language L with prep(ΠL) =

〈Π, B,E〉, let 〈Π1, . . . ,Πn′〉 be a stratification of Π with respect to DP(·) and SP(·), let C =

〈S0, . . . , Sn〉 be a rooted computation following this and let I be an answer set of ΠL with ISn ⊆ I
and I ∩I−Sn

= ∅. Then, there is a rooted computation C ′ = 〈S0, . . . , Sn, Sn+1, . . . , Sm〉 following
the same stratification, such that Sm is stable, PSm = grL(ΠL)I , and ISm = I .

Proof. The proof is by induction on the size of the set grL(ΠL)I \ PSn .
Observe that from ISn ⊆ I , I ∩ I−Sn

= ∅, and ISn |= B(r) and Dr ⊆ ISn ∪ I−Sn
for

all r ∈ PSn , we get that I |= B(r) for all r ∈ PSn . Hence, as PSn ⊆ grL(ΠL) we have
PSn ⊆ grL(ΠL)I .

Consider the base case that |grL(ΠL)I \ PSn | = 0.

• From PSn ⊆ grL(ΠL)I we get PSn = grL(ΠL)I .

• Consider the computation C ′ = 〈S0, . . . , Sn〉 ending with Sn = Sm = 〈PSn , ISn , I
−
Sn
,

ΥSn〉.

• Towards a contradiction assume ISn 6= I .

– As ISn ⊆ I this means ISn ⊂ I . Hence, there is some a ∈ I \ ISn .

– As for all r ∈ PSn it holds thatDr ⊆ ISn ∪I−Sn
, and I∩I−Sn

= ∅we get a 6∈ DPSn
.

– Since I ∈ AS (grL(ΠL)), then I ∈ AS (grL(ΠL)I) and also I ∈ AS (PSn).

– However, this is a contradiction by Theorem 2.1, as {a} is unfounded in PSn

with respect to I .
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• Consequently, ISn = I must hold.

• As ISn is an answer set of PSn and Sn is a state, we have that ΥSn = {∅} by definition
of state.

• It follows that Sm is stable andC ′meets the criteria for the conjectured computation.

We proceed with the step case. As induction hypothesis (IH) assume that the claim
holds whenever |grL(ΠL)I \ PSn | ≤ i for an arbitrary but fixed i ≥ 0.

• Consider some rooted computation C = 〈S0, . . . , Sn〉 and some I ∈ AS (grL(ΠL))

for which the conditions in the premise hold, such that |grL(ΠL)I \ PSn | = i+ 1.

• Towards a contradiction assume there is no L-ground L-rule r ∈ grL(ΠL)I \ PSn

such that ISn |= B(r).

– Note that there is at least one L-ground L-rule r′ ∈ grL(ΠL)I \ PS0 because
|grL(ΠL)I \ PS0 | = i+ 1.

– It cannot hold that I = ISn since from r′ ∈ grL(ΠL)ISn follows ISn |= B(r′).
Consequently, we have ISn ⊂ I .

– Consider some r′′ ∈ grL(ΠL)I with ISn |= B(r′′). By our assumption we get
that r′′ ∈ PSn .

– It follows that ISn |= r′′ and consequently, there is some c-atom A ∈ H(c(r′′))

with ISn |= A.

– As Dr′′ ⊆ DSn we have DA ⊆ ISn ∪ I−Sn
.

– From that, since ISn ⊂ I and I ∩ I−Sn
= ∅we get I ∩DA = ISn ∩DA.

– Hence, we have a contradiction to I being an answer set of grL(ΠL) by Defini-
tion 2.2.

• There must be some L-ground L-rule r ∈ grL(ΠL)I \ PSn such that ISn |= B(r).

• From this, the premises of the theorem and Lemma 3.3 we get that there is a com-
putation C ′′ = S0, . . . , Sn, Sn+1 following the stratification, ISn+1 ⊆ I , I ∩ I−Sn+1

= ∅
and |grL(ΠL)I \ PSn+1 | < i+ 1.

Thus by IH there is a rooted computation C ′ = 〈S0, . . . , Sn, Sn+1, . . . , Sm〉 following the
same stratification, such that Sm is stable, PSm = grL(ΠL)I and ISm = I .

Now it is obvious that any answer set I of a program may be reached via a com-
putation following some stratification of that program w.r.t. DP(·) and SP(·), while a
computation containing only the empty state is a computation for any program and it
follows any stratification, so it can always be extended to reach I .
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Corollary 3.5. Let ΠL be a L-valid L-program of a real world language L with prep(ΠL) =

〈Π, B,E〉 and I an answer set of ΠL. Then, there is a rooted computation 〈S0, . . . , Sn〉 following
some stratification of Π with respect to DP(·) and SP(·), such that Sn is stable, PSn = grL(ΠL)I ,
and ISn = I .

Proof. Since a rooted computation C = 〈S0〉 containing only an empty state trivially fol-
lows any stratification of Π, the conjectures of the corollary follow from Theorem 3.4.

As explained at the beginning of this chapter, it is not generally guaranteed that if
IS ⊆ IS′ then gr(ρ, IS , E) ⊆ gr(ρ, IS′ , E) for some ρ and E. So it may happen that PS′

contains a ground rule we added in some previous step, but is not an instance of any
rule from the program. The following theorem states that this does not happen when the
computation follows a stratification w.r.t. DP(·) and SP(·).

Theorem 3.6. Let ΠL be a L-valid L-program of a real world language L with prep(ΠL) =

〈Π, B,E〉, let C = 〈S0, . . . , Sn, Sn+1, . . . , Sm〉 be a rooted computation following some strat-
ification 〈Π1, . . . ,Πn′〉 of Π with respect to DP(·) and SP(·). Then for some ρ ∈ Π with
r = rnew (Sn, Sn+1) ∈ gr(ρ,B,E) it holds that r ∈ gr(ρ, ISm , E).

Proof. We choose ρ so that it complies with the stratification in Sn. This is always possible,
while C follows the stratification.

First we prove that ISn |SP(ρ) = ISm |SP(ρ). We have ISn ⊆ ISm by Definition 2.7, thus
also ISn |SP(ρ) ⊆ ISm |SP(ρ).

• Suppose l ∈ ISm |SP(ρ), but l /∈ ISn |SP(ρ). This means that l ∈ ISm \ ISn and ps(l) ⊆
SP(ρ).

• Then there must be r′ ∈ PSm that is an external support for {l}, otherwise Sm would
not be stable. Thus l ∈ H(r′) and also ps(l) ⊆ DP(r′).

• If r′ ∈ PSn , it would have to hold that l ∈ ISn , as it cannot be that l ∈ I−Sn+1
, while

l ∈ ISm . So r′ ∈ PSm \ PSn .

• There is ρ′ ∈ Π such that r′ ∈ gr(ρ′, B,E), hence also ps(l) ⊆ DP(ρ′) by Defini-
tion 3.14.

• As SP(ρ) ∩ DP(ρ′) 6= ∅, we have that if ρ ∈ Πi′ , then ρ′ ∈ Πj′ with j′ < i′ due to
Definition 3.11.

• This leads to contradiction with ρ complying with the stratification in Sn.

Thus it holds also that ISm |SP(ρ) ⊆ ISn |SP(ρ).

While r is active under ISn and while r ∈ gr(ρ,B,E), by Definition 3.14 it holds
that r ∈ gr(ρ, ISn , E). From ISm |SP(ρ) ⊆ ISn |SP(ρ) and Definition 3.14 we get also that
r ∈ gr(ρ, ISm , E).

28



3. STEPPING FOR REAL-WORLD ASP LANGUAGES 3.3. Jumping

The results presented in this section and the conditions of Definition 3.14 allow us,
in a state S, to choose an instance of a rule ρ active under IS from gr(ρ, IS , E) instead of
gr(ρ,B,E). All instances from gr(ρ,B,E) active under IS are in gr(ρ, IS , E) due to Con-
dition (vi) of Definition 3.14 and if the computation follows a stratification w.r.t. DP(·)
and SP(·), which is always possible due to Condition (ii) of Definition 3.14 and Theo-
rem 3.4, the instance will not disappear from gr(ρ, IS′ , E) of following states S′.

3.3 Jumping

Often, it is useful to start stepping from some other state that the empty state, or gener-
ally, after stepping into a state Sn, jumping over a number of rules and continuing the
computation from other state Sm. Being in state Sn, a jump over a set of rules Π′ can
be done by computing an answer set I of a program composed of Π′ and PSn , such that
ISn ⊆ I and I ∩ I−Sn

= ∅. Then, a new state Sm can be constructed from I that forms ISm

and the rules from grounding of the program active under I form PSm . The following
theorem claims that there is always a computation from Sn to Sm. However, should this
computation follow the same stratification as the computation into Sn follows, all the
rules in Π′ must comply with this stratification.

Theorem 3.7. Let ΠL be a L-valid L-program of a real world language L with prep(ΠL) =

〈Π, B,E〉, let C = 〈S0, . . . , Sn〉 be a computation following some stratification 〈Π1, . . . ,Πn′〉 of
Π with respect to DP(·) and SP(·), let Π′ ⊆ Π be a set of L-rules complying with this stratifi-
cation in Sn, let Π′′L be a real-world program composed of PSn , Π′ and E such that prep(Π′′L) =

〈Π′′, B′, E〉 with Π′′ = PSn ∩ Π′, and let I ∈ AS (Π′′L) with ISn ⊆ I and I ∩ I−Sn
= ∅. Then,

there is a computation C ′ = 〈S0, . . . , Sn, Sn+1, . . . , Sm〉 following the same stratification, such
that Sm is stable, PSm = grL(Π′′L)I and ISm = I .

Proof. First we show that C follows a stratification 〈Π′′1, . . . ,Π′′n′〉 of Π′′ with respect to
DP(·) and SP(·). We construct this stratification in the following way:

• a L-ground L-rule r ∈ PSn belongs to strata Π′′i′ , where i′ is minimal in {j′ | ρ ∈
Πj′ , r ∈ gr(ρ,B,E)}, and

• a L-rule ρ ∈ Π′ belongs to strata Π′′i′ iff ρ ∈ Πi′ .

Towards contradiction assume that 〈Π′′1, . . . ,Π′′n′〉 is not a stratification of Π′′ with respect
to DP(·) and SP(·).

• Then there is a pair of L-rules ρ′′1 ∈ Π′′i′ , ρ
′′
2 ∈ Π′′j′ and a L-predicate symbol q, such

that either (1) q ∈ DP(ρ′′2)∩ (ps(ρ′′1)\SP(ρ′′1)) and j′ > i′, or (2) q ∈ DP(ρ′′2)∩SP(ρ′′1)

and j′ ≥ i′.

• For i ∈ {1, 2} let ρi be ρ′′i if ρ′′i ∈ Π′, otherwise ρi ∈ {ρ | ρ ∈ Πi′ , ρ
′′
i ∈ gr(ρ,B,E)}

where i′ is minimal in {j′ | ρ ∈ Πj′ , ρ
′′
i ∈ gr(ρ,B,E)}.
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• Note that by construction of 〈Π′′1, . . . ,Π′′n′〉we get ρ1 ∈ Πi′ and ρ2 ∈ Πj′ .

• Remember that by Definition 3.14 we have DP(ρ′′i ) ⊆ DP(ρi), SP(ρ′′i ) ⊆ SP(ρi) and
ps(ρ′′i ) ⊆ ps(ρi) for i ∈ {1, 2}.

• Thus, in the case (2) it holds also that q ∈ DP(ρ2) ∩ SP(ρ1), which, as j′ ≥ i′, is a
contradiction with 〈Π1, . . . ,Πn′〉 being a stratification.

• In the case (1) either q /∈ SP(ρ1) and q ∈ DP(ρ2)∩ (ps(ρ1)\SP(ρ1)) holds, which, as
j′ > i′, is a contradiction with 〈Π1, . . . ,Πn′〉 being a stratification, or q ∈ SP(ρ1) and
hence q ∈ DP(ρ2)∩ SP(ρ1), which is still a contradiction with 〈Π1, . . . ,Πn′〉 being a
stratification.

Thus 〈Π′′1, . . . ,Π′′n′〉 is a stratification of Π′′ with respect to DP(·) and SP(·).
Towards contradiction assume that C does not follow this stratification.

• Then there is some 0 < i ≤ n and some ρ′′ ∈ {ρ′ | ρ′ ∈ Π′′i′ , rnew (Si−1, Si) ∈
gr(ρ′, B,E)}, where i′ is minimal in {j′ | ρ′ ∈ Π′′j′ , rnew (Si−1, Si) ∈ gr(ρ′, B,E)},
that does not comply with this stratification in Si.

• Note that no ρ′′ complies with the stratification in Si trivially, because by Theo-
rem 2.6 there is a computation Si, . . . , Sn, . . . , Sm for grL(Π′′L) such that Sm is stable.

• So there is a computation C ′′ = S′′0 , . . . , S
′′
i , S

′′
i+1, . . . , S

′′
m for grL(Π′′L) with Sj =

S′′j for 0 ≤ j ≤ i and stable S′′m, and there is ρ′′′ ∈ Π′′j′ with j′ < i′ such that
(PS′′m \ PS′′i ) ∩ gr(ρ′′′, B,E) 6= ∅.

• Suppose ρ′′′ ∈ PSn . Then gr(ρ′′′, B,E) = {ρ′′′} and by construction of 〈Π′′1, . . . ,Π′′n′〉
there is ρ′ ∈ Πj′ with ρ′′′ ∈ gr(ρ′, B,E).

• Suppose ρ′′′ ∈ Π′. Then ρ′′′ ∈ Πj′ .

• In both cases there is ρ′ ∈ Πj′ with (PS′′m \ PS′′i ) ∩ gr(ρ′, B,E) 6= ∅.

• Now suppose ρ′′ ∈ PSn .

– Then rnew (Si−1, Si) = ρ′′.

– Let ρ ∈ {ρ′′′′ | ρ′′′′ ∈ Πi′ , ρ
′′ ∈ gr(ρ′′′′, B,E)}.

– By construction of 〈Π′′1, . . . ,Π′′n′〉, i′ is still minimal in {i′′ | ρ′′′′ ∈ Πi′′ , ρ
′′ ∈

gr(ρ′′′′, B,E)}.

– AsC ′′ is computation also for grL(ΠL), this means that ρ does not comply with
〈Π1, . . . ,Πn′〉 in Si, which is a contradiction with C following 〈Π1, . . . ,Πn′〉.

• Suppose ρ′′ ∈ Π′.

– Then ρ′′ ∈ Πi′ .
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– Note that rnew (Si−1, Si) ∈ {ρ′ | ρ′ ∈ Π′′i′ , rnew (Si−1, Si) ∈ gr(ρ′, B,E)} and
rnew (Si−1, Si) ∈ Π′′i′ .

– Thus, by construction of 〈Π′′1, . . . ,Π′′n′〉, we have that i′ is still minimal in {i′′ |
ρ′′′′ ∈ Πi′′ , rnew (Si−1, Si) ∈ gr(ρ′′′′, B,E)}.

– As C ′′ is computation also for grL(ΠL), this means that ρ′′ does not comply
with 〈Π1, . . . ,Πn′〉 in Si, which is a contradiction with the premise that C fol-
lows 〈Π1, . . . ,Πn′〉.

Therefore, by Theorem 3.4, as Π′′L is L-valid, there is a computation C ′ = 〈S0, . . . , Sn,

Sn+1, . . . , Sm〉 following 〈Π′′1, . . . ,Π′′n′〉, such that Sm is stable, PSm = grL(Π′′L)I , and ISm =

I .
It remains to show that C ′ follows 〈Π1, . . . ,Πn′〉. Towards contradiction assume that

it does not.

• Then there is some 0 < i ≤ n and some ρ ∈ {ρ′ | ρ′ ∈ Πi′ , rnew (Si−1, Si) ∈
gr(ρ′, B,E)}, where i′ is minimal in {j′ | ρ′ ∈ Πj′ , rnew (Si−1, Si) ∈ gr(ρ′, B,E)},
that does not comply with this stratification in Si.

• If i ≤ n, there would be a contradiction with C following 〈Π1, . . . ,Πn′〉, so i > n.

• If ρ ∈ PSn , then ρ = rnew (Si−1, Si), which is a contradiction to Definition 2.7, as
ρ ∈ PSi−1 . So ρ ∈ Π′.

• By premises ρ complies with 〈Π1, . . . ,Πn′〉 in Sn.

• Thus, by Lemma 3.2, ρ complies with this stratification also in Si, which is a contra-
diction.
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4
Gringo

This chapter shows how the framework defined in the previous chapter can be used
to specify a concrete real-world ASP language for the purposes of Stepping. The lan-
guage we present here as Gringo is a simplified version of the actual input language for
the grounder gringo-3 [GKKS11][GKKOST]. All the differences are summarized in Sec-
tion 4.12. The reasons for these simplifications are that not all language constructs of
the actual input language are needed for Stepping, some language constructs are overly
complicated, and some simplifications lead to more simple and consistent semantic defi-
nitions, which are very complicated anyway.

The language of Gringo introduces a number of extensions over the basic ASP lan-
guage. Some of them are well known, as aggregates, comparison predicates, or arith-
metic functions. The not very common ones are conditions, intervals and pooled terms.
Conditions are literals suffixed after an objective or comparison literal by means of :. For
example, in rule

p(X) :- q1(Y,X) : c1(Y,X) : not c2(Y), q2(X). (4.1)

literal q1(Y,X) : c1(Y,X) : not c2(Y) is a conditioned objective literal and its conditions
are c1(Y,X) and not c2(Y). During grounding, conditioned literals are replaced with
their copies, each of which is obtained by substituting its local variables so that all its
conditions are satisfied. Local variables are the variables that occur only in a conditioned
literal. In the rule (4.1), X is a global variable, while it occurs also in q2(X), but Y is a local
variable. So, during grounding, first global variables are substituted; let us substitute X

for 1:
p(1) :- q1(Y,1) : c1(Y,1) : not c2(Y), q2(1).
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Now if only instances c1(1,1), c1(2,2), c1(3,1), c1(4,1) and c2(3) of the conditions
are true, the conditioned literal will be expanded to

p(1) :- q1(1,1), q1(4,1), q2(1)..

This means that, should the condition expansion be well-defined, all answer sets must
interpret all the predicates occurring in conditions in the same way. Thus, all rules that
derive predicates occurring in condition must be part of a deterministic fragment of the
program. This notion is further discussed in Section 4.11.

Intervals are terms that cause a rule to expand into more rules. For example, rule

p(X) :- q(X,2..4). (4.2)

contains interval 2..4, so it is expanded into rules

p(X) :- q(X,2). p(X) :- q(X,3). p(X) :- q(X,4)..

This behaviour is achieved by extracting intervals into range literals #range(t1,t2,t3)

that are satisfied when argument t1 follows t2 and precedes t3 in the term ordering (dis-
cussed in Section 4.4). Due to safety reasons, arguments of a range literal must be evalu-
ated into numeric constants. Thus, rule (4.2) would be processed into

p(X) :- q(X,V0), #range(V0,2,4)..

Pooled terms cause rule expansion if they occur in the head and literal expansion if they
occur in body. For instance,

p(X;1) :- q(X,f(2;a)).

expands into

p(X) :- q(X,f(2)), q(X,f(a)). p(1) :- q(X,f(2)), q(X,f(a))..

This matter is further discussed in Section 4.6.

Furthermore, Gringo allows to specify placeholders for concrete term values via const
statements of the form #const x = t. where x is a standard constant and t is a term.
Every occurrence of x following the statement is replaced with t during preprocessing
of the program. The last language extension we mention here is integrated scripting
language. The scripting language integrated in Gringo is Lua1. It allows lua functions to be
defined by Lua code within statements called lua definitions and later used in the program
as terms that are evaluated during grounding in the similar fashion as arithmetic terms.
More information can be found in [GKKOST].

1http://www.lua.org/
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In what follows, we first define syntax of the Gringo language, then we explain the
process of grounding of Gringo programs which consists of preprocessing, substitutions
and evaluation of built-in language elements. We also describe the restrictions a Gringo
programs must fulfil in order to be possible to ground it, and finally, we define a concrete
real-world ASP language of Gringo.

4.1 Syntax

The syntax presented here is simplified and human-readable version of grammar from
the source code of the grounder gringo-3.

In a nutshell, a Gringo program may, additionally to a program according to GB ,
contain statements. A head of a Gringo rule may contain a o-literal with conditions, or
an aggregate atom. A body may contain a literal, or possibly defaultly negated aggregate
atom or aggregate assignment. A literal may be possibly defaultly negated o-literal, or
comparison literal, or unification literal, where the objective and comparison literals may
have conditions, which is a list of literals that cannot have conditions. Please, note that
only o-literals and aggregate atoms in body may be defaultly negated.

An aggregate atom may have bounds surrounding the aggregate. An aggregate as-
signment consists of a term followed by := followed by aggregate. An aggregate has an
aggregate function and a list of literals or list of weighted literals. Just some aggregate
functions are allowed with literal lists and others with weighted literal lists. Weighted
literals have a weight, which is an additional argument that defaults to the numeric con-
stant 1.

A Gringo term may, additionally to a term according toGB , be an interval or a pooled
term. Constants may be standard, numeric, or string constants. Functions may be addi-
tionally arithmetic, built-in or lua functions.

The identifiers representing variables, constants, and predicate and function sym-
bols in the actual input language of the grounder must obey usual lexical restrictions
as variables must start with a capital letter, all other identifiers must start with a small
letter, except lua function symbols that start with @. We abstract from these restrictions
by saying that the identifiers are simply some symbols which are not closely specified.
However, in order to evaluate arithmetic functions, we will need to specify symbols for
numeric constants, which are meant to represent integers. We deal with this matter after
the following definition of the Gringo grammar.

Definition 4.1. The Gringo grammar is the a-grammarGG = ext(GB, TN , N∆, R∆, T∆, P∆),
where

• TN = {<constant>},

• N∆ = {α | α→ β ∈ P∆} \N where N is the set of non-terminals from GB ,
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• R∆ = {#const, #begin_lua, #end_lua, :, >, <, >=, <=, ==, !=, =, :=, #range, #true,
#count, #even, #odd, #sum, #avg, #max, #min, {, }, [, ], #supremum, #infimum, +, -,

*, /, \, **, &, ˆ, ?, ˜, #div, #mod, #pow, #abs, .., ;}

• T∆ = {<lua code>, <standard constant>, <numeric constant>, <string constant>, <lua
function symbol>}, and

• P∆ is the following set of a-productions:

– <program element>→ <statement>

– <statement>→ <const statement>

– <statement>→ <lua definition>

– <const statement>→ #const<standard constant>=<term>

– <lua definition>→ #begin_lua<lua code>#end_lua

– <head>→ <aggregate atom>

– <head literal>→ <conditioned objective literal>

– <body literal>→ <unification literal>

– <body literal>→ [not]<aggregate atom>

– <body literal>→ <aggregate assignment>

– <literal>→ <comparison literal>

– <literal>→ [not]<conditioned objective literal>

– <literal>→ <conditioned comparison literal>

– <literal>→ <range literal>

– <literal>→ <true literal>

– <conditioned objective literal>→ <objective literal>{̇:<condition>}̇

– <conditioned comparison literal>→ <comparison literal>{̇:<condition>}̇

– <condition>→ [not]<objective literal>

– <condition>→ <comparison literal>

– <condition>→ <unification literal>

– <condition>→ <range literal>

– <comparison literal>→ <term><comparison predicate symbol><term>

– <comparison predicate symbol>→ >

– <comparison predicate symbol>→ <

– <comparison predicate symbol>→ >=

– <comparison predicate symbol>→ <=

– <comparison predicate symbol>→ ==
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– <comparison predicate symbol>→ !=

– <unification literal>→ <term>:=<term>

– <range literal>→ #range(<term>,<term>,<term>)

– <true literal>→ #true(<term>,<term>)

– <aggregate atom>→ [<bound>]<assignable aggregate>[<bound>]

– <aggregate atom>→ [<bound>]<average aggregate>[<bound>]

– <aggregate atom>→ <even aggregate>

– <aggregate atom>→ <odd aggregate>

– <bound>→ <term>

– <aggregate assignment>→ <term>:=<assignable aggregate>

– <assignable aggregate>→ <count aggregate>

– <assignable aggregate>→ <sum aggregate>

– <assignable aggregate>→ <min aggregate>

– <assignable aggregate>→ <max aggregate>

– <count aggregate>→ [#count]<literal list>

– <even aggregate>→ #even<literal list>

– <even aggregate>→ #even<weighted literal list>

– <odd aggregate>→ #odd<literal list>

– <odd aggregate>→ #odd<weighted literal list>

– <sum aggregate>→ [#sum]<weighted literal list>

– <average aggregate>→ #avg<weighted literal list>

– <max aggregate>→ #max<weighted literal list>

– <min aggregate>→ #min<weighted literal list>

– <literal list>→ {[<literal>{,<literal>}]}

– <weighted literal list>→ [[<weighted literal>{,<weighted literal>}]]

– <weighted literal>→ <literal>[<weight>]

– <weight>→ <ground weight>

– <weight>→ <non-ground weight>

– <ground weight>→ =<numeric constant>

– <non-ground weight>→ =<term>

– <term>→ <interval>

– <term>→ <pooled term>

– <constant>→ <standard constant>
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– <constant>→ <numeric constant>

– <constant>→ <string constant>

– <constant>→ #supremum

– <constant>→ #infimum

– <function>→ <arithmetic function>

– <function>→ <built-in function>

– <function>→ <lua function>

– <arithmetic function>→ <term><operator><term>

– <arithmetic function>→ |<term>|

– <arithmetic function>→ -<term>

– <arithmetic function>→ ˜<term>

– <operator>→ +

– <operator>→ -

– <operator>→ *

– <operator>→ /

– <operator>→ \

– <operator>→ **

– <operator>→ &

– <operator>→ ˆ

– <operator>→ ?

– <operator>→ #div

– <operator>→ #mod

– <operator>→ #pow

– <built-in function>→ #div(<term>,<term>)

– <built-in function>→ #mod(<term>,<term>)

– <built-in function>→ #pow(<term>,<term>)

– <built-in function>→ #abs(<term>)

– <lua function>→ <lua function symbol>([<term>{,<term>}])

– <interval>→ <term>..<term>

– <pooled term>→ <term>{̇;<term>}̇

Definition 4.2. Let GG = 〈N,R, T, P, S〉 be the Gringo grammar, and let Z be a set of
symbols disjoint with N ∪ R ∪ T and isomorphic with the set of integers Z. A Gringo
syntactic configuration is a triple G = 〈GG,Σ, σ(·)〉, where
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• Σ is a set of symbols disjoint with N ∪R ∪ T , such that Z ⊆ Σ, and

• σ(·) is a function from Σ to T , such that σ(x) = <numeric constant> for every x ∈ Z.

In the rest of this chapter we will treat the elements of Z as integers, and hence stan-
dard numeric operations as addition, subtraction, multiplication and others are defined
over G-numeric constants.

Proposition 4.1. A Gringo syntactic configuration is a basic syntactic configuration.

Proof. GG is an a-grammar extending GB , Σ is a set of symbols disjoint with N ∪ R ∪ T ,
and σ(·) is a function from Σ to T .

4.1.1 Destructors

In this subsection we define a number of functions that uniformly describe some impor-
tant subelements of G-elements.

The most important definition is in this subsection defines the following two func-
tions. It will be asserted later that a valid G-program must admit stratification with re-
spect to these functions.

Definition 4.3. Let ρ be a G-rule, then DPG(ρ) is a set of G-predicate symbols that occur
in the hear of ρ, but this occurrence is not within a condition, and SPG(ρ) is a set of
G-predicate symbols that occur in some condition in ρ or in some aggregate atom or
assignment in the body of ρ.

We extend the args(·) function that returns a sequence of arguments of a G-element as
follows:

• args(e) = args(l), where e = l:c is a G-conditioned objective or comparison literal,
l is a G-objective or comparison literal and c is a string,

• args(e) = 〈a, b〉, where e = a o b is a G-comparison or unification literal or a G-
interval or a G-arithmetic function, a and b are G-terms, and o is a G-comparison
predicate symbol or := or .. or a G-operator,

• args(e) = 〈l, h〉, where e = l a h is a G-aggregate atom, l and h are G-bounds, and a

is a string,

• args(e) = 〈l, #supremum〉, where e = l a is a G-aggregate atom, l id a G-bound, and a
is a string,

• args(e) = 〈#infimum, h〉, where e = a h is a G-aggregate atom, h is a G-bound, and
a is a string,

• args(e) = 〈#infimum, #supremum〉, where e is a G-aggregate atom,
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• args(e) = 〈a〉, where e = a:=s is a G-aggregate assignment and s is a G-assignable
aggregate,

• args(e) = 〈a, b, c〉, where e = #range(a,b,c) is a G-range literal, and a, b and c are
G-terms,

• args(e) = 〈a, b〉, where e = #true(a,b) is a G-true literal, and a and b are G-terms,

• args(e) = args(l) · 〈w〉, where e = l=w is a G-weighted literal, l is a G-literal, and w

is a G-terms,

• args(e) = 〈a, b〉, where e = a;b is a G-pooled term, and a and b are G-terms, but not
G-pooled terms,

• args(e) = 〈a〉 · args(p), where e = a;p is a G-pooled term, a is a G-term, but not a
G-pooled term, and p is a G-pooled term,

• args(e) = 〈a〉, where e = |a| is a G-arithmetic function and a is a term,

• args(e) = 〈a〉, where e = -a is a G-arithmetic function and a is a term,

• args(e) = 〈a〉, where e = ˜a is a G-arithmetic function and a is a term,

• args(e) = 〈a〉, where e = #abs(a) is a G-built-in function and a is a term.

Note that default bounds of a G-aggregate atom are #infimum and #supremum, and a
weight of a weighted literal is considered an additional argument.

Let ρ be a G-rule, then H(ρ) is the sequence of head elements defined as follows:

• H(ρ) = H(h), where ρ = h. is a G-rule and h is a G-head,

• H(ρ) = H(h), where ρ = h:-b. is a G-rule, h is a G-head, and b is a G-body,

• H(ε) = 〈〉,

• H(x) = 〈x〉, where x is a G-aggregate atom or G-head literal,

• H(h) = 〈l〉 ·H(h′), where h = l|h′ and h′ are G-heads, and l is a G-head literal.

Let ρ be a G-rule, then B(ρ) is the sequence of body elements defined as follows:

• B(ρ) = 〈〉, where ρ = h. is a G-rule and h is a G-head,

• B(ρ) = B(b), where ρ = h:-b. is a G-rule, h is a G-head, and b is a G-body,

• B(ε) = 〈〉,

• B(l) = 〈l〉, where l is a G-body literal,

• B(b) = 〈l〉 · B(b′), where b = l,b′ and b′ are G-bodies, and l is a G-body literal.
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Let l be a G-element, then C(l) is the sequence of its conditions defined as follows:

• C(l) = C(l′), when l = l′w is a G-weighted literal, l′ is a G-conditioned objective or
comparison literal, and w is a G-weight,

• C(l) = C(l′) · 〈c〉, when l = l′:c is a G-conditioned objective or comparison literal, l′

is a string, and c is a G-condition,

• C(x) = 〈〉, when x is not a G-conditioned objective nor comparison literal.

Let a be a G-aggregate atom or assignment, then L(a) is the sequence of G-weighted
literals in it defined as follows:

• L(a) = L(L), when a = b1sL b2 is a G-aggregate atom, b1 and b2 are each a G-bound
or ε, s is a string, and L is a G-literal list or G-weighted literal list,

• L(a) = L(L), when a = sL is a G-aggregate assignment, s is a string, and L is a
G-literal list or G-weighted literal list,

• L(L) = 〈〉, when L = o c is a G-literal list or a G-weighted literal list, and o = { and
c = } or o = [ and c = ],

• L(L) = 〈l〉, when L = o l c is a G-literal list or a G-weighted literal list, l is a G-
weighted literal, and o = { and c = } or o = [ and c = ],

• L(L) = 〈l〉 · L(L′), when L = o l,s c is a G-literal list or a G-weighted literal list, l is
a G-weighted literal, s is a string, o = { and c = } or o = [ and c = ], and L′ = o s c

is a G-literal list or a G-weighted literal list.

Let L = {l1, . . . , ln} be a sequence of G-body or weighted literals, then o-lits(L) = {li |
li is a G-o-literal, 1 ≤ i ≤ n} and o-lits−(L) = {l | li = neg l, l is a G-o-literal, 1 ≤ i ≤ n}.

4.2 Overview of Grounding

The Gringo’s grounding process has many phases. An output of one phase is an input for
the following phase. Each phase removes different non-ground language elements and
requires that its input contains no elements that were dealt with in the previous phases.

1. The first phase applies the statements in the program and collects meta-data needed
for per-rule grounding. It is realised by the function prepG(·), we call it preprocessing
and abbreviate prep. It is explained in Section 4.11.

2. The second phase, called interval and pooled term expansion (abbreviated ip), deals
with intervals and pooled terms and is realised by the function ExpIP(·). This phase
is described in Section 4.6.

3. In the third phase (abbreviated s) that is discussed in Sections 4.8 and 4.10, so-called
global substitutions are applied. They are obtained by function Subs(·, ·, ·).
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4. Then conditions are expanded (c) by function ExpC (·, ·, ·) defined in Section 4.9.

5. And finally, interpreted terms and literals are evaluated (e) by function Eval(·, ·) as
shown in Section 4.5.

All these notions and functions depend on each other in a complicated way. That is why
we first present the logical order here and the formal definitions, ordered by dependen-
cies, will follow.

Now we formalize the fact that each phase of grounding removes particular kind of
non-ground elements. We do this by defining one set of non-ground symbols per phase
that deals with them. An output of each phase is required to be ground with respect to
its set of non-ground symbols and all the sets of non-ground symbols of previous phases.

Definition 4.4. The Gringo preprocessing non-ground symbols are
HG
prep = {<statement>, <const statement>, <lua definition>}.

The Gringo interval and pooled term expansion non-ground symbols are
HG
ip = {<interval>, <pooled term>}.

The Gringo condition expansion non-ground symbols are
HG
c = {<conditioned objective literal>, <conditioned comparison literal>, <condition>}.

The Gringo substitution non-ground symbols are
HG
s = {<variable>}.

The Gringo evaluation non-ground symbols are
HG
e = {<comparison literal>, <unification literal>, <range literal>, <aggregate assignment>,
<non-ground weight>, <arithmetic function>, <operator>, <built-in function>, <lua function>,
<lua function symbol>}.
The Gringo ground symbols are HG = HG

prep ∪HG
ip ∪HG

c ∪HG
s ∪HG

e .

In the reminder of this chapter, by ground we refer to ground w.r.t. HG, unless stated
otherwise.

The grounding process is not defined over all possible G-programs. A G-program
must satisfy particular additional restrictions, like variable safety or term type check, in
order for it to be possible to ground it. We will define these restrictions later. A G-program
satisfying all these restrictions is called valid (as defined in Definition 3.14).

Here we present the complete overview of the grounding process with preconditions
and postconditions of each phase:

• Preprocessing: prepG(ΠG) = 〈Π, B,E〉

– ΠG must be valid.

– Π must be a set of G-rules ground w.r.t. HG
prep, B a set of ground G-o-literals,

and E a set of G-elements.

• Interval and Pooled Term Expansion: Πip =
⋃
ρ∈Π ExpIP(ρ)

– Π must be a set of G-rules ground w.r.t. HG
prep.
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– Πip must be a set of G-rules ground w.r.t. HG
prep ∪HG

ip .

• Global Substitutions: Πgs = {θ(ρ) | ρ ∈ Πip, θ ∈ Subs(ρ,B,E)}

– Πip must be a set of safe G-rules ground w.r.t. HG
prep ∪HG

ip .

• Condition Expansion: Πc = {ExpC (ρ,B,E) | ρ ∈ Πgs}

– Πgs must be a set of safe G-rules ground w.r.t. HG
prep ∪HG

ip containing no global
variables.

– Πc must be a set of G-rules ground w.r.t. HG
prep ∪HG

ip ∪HG
s ∪HG

c .

• Evaluation of Interpreted Elements: P = Eval(Πc, E)

– Πc must be a set of G-rules ground w.r.t. HG
prep ∪HG

ip ∪HG
s ∪HG

c .

– P must be ground.

However, note that a set of G-rules Π is automatically ground w.r.t. HG
prep, while it contains

no G-statements. Thus, we may omit the requirement of being ground w.r.t. HG
prep when

considering separate G-rules or sets of G-rules.

4.3 A bit about Aggregates

Once a Gringo aggregate is ground, its satisfaction is determined by applying its aggre-
gate function to the sequence of weights of those inner literals that are satisfied. However,
if the aggregate contains literal list delimited by { and } rather than weighted literal list
delimited by [ and ], all weights are 1 and the same literals are counted only once as if
the literal list was a set. This is why some aggregate functions cannot be applied with
both kind of aggregates.

During the last phase of grounding, interpreted literals as comparison or unification
literals are removed from the rules. However, if they are inside an aggregate, they need to
be counted by a aggregate function that works only on ground aggregates. Thus satisfied
interpreted literals inside aggregates are replaced by true literals with the same arguments
and weight, so that the information is carried on to the aggregate function. Also, if the
left hand side of an aggregate assignment is ground, the aggregate is equivalent to an ag-
gregate atom with both bounds equal to this left hand side. So due to this simplification,
it is sufficient to consider only aggregate atoms in this section.

Let a be a ground G-aggregate atom, then D(a) is the set of all G-o-literals occurring
within a.

Let a be a ground G-aggregate atom and I a set of ground G-o-literals, then W(a, I) is
the sequence of G-terms that are G-ground weights of not defaultly negated G-o-literals
from a that are in I , G-ground weights of defaultly negated G-o-literals from a that are
not in I and G-ground weights of all G-true literals from a.
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• W(a, I) = W(L, I), when a = b1sL b2 is a G-aggregate atom, b1 and b2 are each a
G-bound or ε, s is a string, and L is a G-literal list or G-weighted literal list,

• W(a, I) = W(L, I), when a = sL is a G-aggregate assignment, s is a string, and L is
a G-literal list or G-weighted literal list,

• W(L, I) = 〈〉, when L = o c is a G-literal list or a G-weighted literal list, and o = {

and c = } or o = [ and c = ],

• W(L, I) = 〈〉, when L = [l s] is a G-weighted literal list, l is a G-o-literal with l /∈ I ,
and s is a G-ground weight or ε,

• W(L, I) = 〈〉, when L = [notl s] is a G-weighted literal list, l is a G-o-literal with
l ∈ I , and s is a G-ground weight or ε,

• W(L, I) = 〈1〉, when L = [l] is a G-weighted literal list and l is a G-o-literal with
l ∈ I ,

• W(L, I) = 〈w〉, when L = [l=w] is a G-weighted literal list, l is a G-o-literal with
l ∈ I , and w is a G-term,

• W(L, I) = 〈1〉, when L = [notl] is a G-weighted literal list and l is a G-o-literal
with l /∈ I ,

• W(L, I) = 〈w〉, when L = [notl=w] is a G-weighted literal list, l is a G-o-literal with
l /∈ I , and w is a G-term,

• W(L, I) = 〈1〉, when L = [l] is a G-weighted literal list and l is a G-true literal,

• W(L, I) = 〈w〉, when L = [l=w] is a G-weighted literal list, l is a G-true literal, and
w is a G-term,

• W(L, I) = W(L′, I), when L = [l s,s′] is a G-weighted literal list, l is a G-o-literal
with l /∈ I , s is a G-ground weight or ε, s′ is a string, and L′ = [s′] is a G-weighted
literal list,

• W(L, I) = W(L′, I), when L = [notl s,s′] is a G-weighted literal list, l is a G-o-
literal with l ∈ I , s is a G-ground weight or ε, s′ is a string, and L′ = [s′] is a
G-weighted literal list,

• W(L, I) = 〈1〉·W(L′, I), when L = [l,s′] is a G-weighted literal list, l is a G-o-literal
with l ∈ I , s′ is a string, and L′ = [s′] is a G-weighted literal list,

• W(L, I) = 〈w〉 ·W(L′, I), when L = [l=w,s′] is a G-weighted literal list, l is a G-o-
literal with l ∈ I , w is a G-term, s′ is a string, and L′ = [s′] is a G-weighted literal
list,
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• W(L, I) = 〈1〉 · W(L′, I), when L = [notl,s′] is a G-weighted literal list, l is a
G-o-literal with l /∈ I , s′ is a string, and L′ = [s′] is a G-weighted literal list,

• W(L, I) = 〈w〉 ·W(L′, I), when L = [notl=w,s′] is a G-weighted literal list, l is a
G-o-literal with l /∈ I , w is a G-term, s′ is a string, and L′ = [s′] is a G-weighted
literal list,

• W(L, I) = 〈1〉 ·W(L′, I), when L = [l,s′] is a G-weighted literal list, l is a G-true
literal, s′ is a string, and L′ = [s′] is a G-weighted literal list,

• W(L, I) = 〈w〉 ·W(L′, I), when L = [l=w,s′] is a G-weighted literal list, l is a G-true
literal, w is a G-term, s′ is a string, and L′ = [s′] is a G-weighted literal list,

• W(L, I) = w({l1, . . . , ln}, I), when L is a G-literal list, L(L) = 〈l1, . . . , ln〉, where

– w(∅, I) = 〈〉,

– w(S, I) = 〈〉 · w(S′, I), when l is a G-o-literal such that S = S′ ∪ {l}, l /∈ S′, and
l /∈ I ,

– w(S, I) = 〈〉 · w(S′, I), when l = notl′ is a G-weighted literal and l′ is a G-o-
literal such that S = S′ ∪ {l}, l /∈ S′, and l′ ∈ I ,

– w(S, I) = 〈1〉 ·w(S′, I), when l is a G-o-literal such that S = S′∪{l}, l ∈ S′, and
l ∈ I ,

– w(S, I) = 〈1〉 · w(S′, I), when l = notl′ is a G-weighted literal and l′ is a G-o-
literal such that S = S′ ∪ {l}, l /∈ S′, and l′ /∈ I ,

– w(S, I) = 〈1〉 · w(S′, I), when l is a G-true literal such that S = S′ ∪ {l} and
l ∈ S′.

It will be asserted later that, in a valid Gringo program, weights and bounds must be
evaluated to numeric constants. Thus, we may assume that aggregate functions act on
sequences of numeric constants.

Let W = 〈w1, . . . , wn〉 be a sequence of G-numeric constants, then #count(W ) = n,
#sum(W ) =

∑n
i=1wi, #avg(W ) =

∑n
i=1 wi

n , #min(W ) = minni=1wi, and #max (W ) =

maxni=1wi. These functions are assigned to G-aggregate atoms or assignments by means
of the function AF(·) defined as follows:

• AF(a) = AF(a′) where a = b1 a
′ b2 is a G-aggregate atom, b1 and b2 are each a

G-bound or ε, and a′ is a G-assignable or average aggregate,

• AF(a) = AF(a′) where a = t:=a′ is a G-aggregate assignment, t is a G-term, and a′

is a G-assignable aggregate,

• AF(a) = #count(·) where a is a G-count aggregate,

• AF(a) = #sum(·) where a is a G-sum aggregate,
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• AF(a) = #avg(·) where a is a G-average aggregate,

• AF(a) = #max (·) where a is a G-max aggregate,

• AF(a) = #min(·) where a is a G-min aggregate.

4.4 Total Ordering of Ground Terms

Now we define the relation≺ that is a total ordering over ground G-terms. It is important
for satisfaction of G-comparison literals and G-aggregate atoms.

• #infimum ≺ t for any ground G-term t 6= #infimum and t ≺ #supremum for any
ground G-term t 6= #supremum.

• i ≺ c ≺ f ≺ s, if i is a G-numeric constant, c is a G-standard constant, f is a ground
G-standard function and s is a G-string constant.

• i1 ≺ i2, iff i1 and i2 are G-numeric constants such that i1 < i2.

• c1 ≺ c2, iff c1 and c2 are G-standard constants such that c1 precedes c2 according to
alphabetical ordering.

• s1 ≺ s2, iff s1 and s2 are G-string constants such that s1 precedes s2 according to
alphabetical ordering.

• f1 ≺ f2, iff f1 and f2 are ground G-standard functions, such that f1 has n1 argu-
ments, f2 has n2 arguments, and n2 < n1.

• f1 ≺ f2, iff f1 and f2 are ground G-standard functions, such that f1 has n1 argu-
ments, f2 has n2 arguments, n2 = n1, the G-function symbol of f1 differs from the
G-function symbol of f2, and the G-function symbol of f1 precedes the G-function
symbol of f2 according to alphabetical ordering.

• f1 ≺ f2, iff f1 and f2 are ground G-standard functions with args(f1) = 〈a1, . . . , an〉
and args(f2) = 〈a′1, . . . , a′n〉, such that the G-function symbol of f1 is the same as the
G-function symbol of f2, and 〈a1, . . . , an〉 precedes 〈a′1, . . . , a′n〉 according to alpha-
betical ordering with respect to ≺.

Furthermore, for any two ground G-terms t1 and t2 it holds that t1 � t2 iff t1 ≺ t2 or
t1 = t2, t1 � t2 iff t2 ≺ t1, and t1 � t2 iff t1 � t2 or t1 = t2.

4.5 Evaluation of Interpreted Elements

This section describes the last phase of the grounding process. The rules entering this
phase must contain no variables, no conditions, and no intervals nor pooled terms, i.e.,
they must be ground w.r.t. H = HG

prep ∪HG
ip ∪HG

c ∪HG
s .
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Definition 4.5. A G-arithmetic function, a G-built-in function or a G-lua function is an
interpreted term. A G-unification literal, a G-comparison literal, a G-range literal, or G-true
literal is an interpreted literals.

A G-element ground w.r.t. H is not considered ground yet, because it may contain
interpreted elements. The interpretation (satisfaction or evaluation) of interpreted ele-
ments is fixed, which means that we can deal with them during grounding. This is done
in this phase; interpreted terms are evaluated, satisfied interpreted literals are removed
from the rules and rules containing unsatisfied interpreted literals are ignored. The result
is a set of ground rules guaranteed to contain all satisfiable rules.

4.5.1 Terms

Let t be a G-term ground w.r.t. H (it contains no intervals, nor pooled terms, nor, con-
ditions, nor variables), and let E be a set of G-elements. Then the evaluation of t with
respect to E, denoted eval(t, E), is a G-term ground w.r.t. HG obtained by evaluating all
the G-arithmetic and build-in terms in t as described in [GKKOST] and all G-lua functions
according to G-lua definitions in E. Such an evaluation is not possible if some lua code
fails, or if arguments of an arithmetic or build-in functions are evaluated to something
else than G-numeric constants. In such cases we say that eval(·, ·) fails.

Furthermore, we extend the function eval(·, E) to arbitrary G-elements, so that it re-
places each maximal subelement that is a G-term ground w.r.t. H with its evaluation
w.r.t. E. If L = 〈e1, . . . , en〉 is a sequence of objects over which eval(·, E) is defined, then
eval(L,E) = 〈eval(e1, E), . . . , eval(en, E)〉, and if S is a set of objects over which eval(·, E)

is defined, then eval(S,E) = {eval(e, E) | e ∈ S}.
One of the additional restrictions of Gringo is that arguments of some elements (arith-

metic functions, range literals, or bounds of aggregates) must be numeric constants after
some substitutions. The problem with formalizing this restriction is what substitutions
are that. We cannot say that it is after all possible substitutions, because if there is some
non-numeric constant in the program, each arithmetic function will have it as an argu-
ment after some of these substitution. The grounder of Gringo checks the types of argu-
ments only after some sensible substitutions that need to be necessarily applied in order
to obtain all o-literals that may occur in some answer set. We define these substitutions
in Section 4.8 and Section 4.10. This is the reason why we define the notion of failed eval-
uation, because later we will define that a program does not satisfy the argument type
check if evaluation of some interpreted element fails.

4.5.2 Literals

Definition 4.6. A G-unification literal l ground w.r.t. H with args(l) = 〈t1, t2〉 is satisfied
iff t1 unifies with t2.

A G-comparison literal l = t1 o t2 ground w.r.t. H , where t1 and t2 are G-terms and o

is a G-comparison predicate symbol, is satisfied iff one of the following holds: o = > and
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t1 � t2, o = < and t1 ≺ t2, o = >= and t1 � t2, o = <= and t1 � t2, o = == and t1 = t2, or
o = != and t1 6= t2.

A G-range literal l ground w.r.t. H with args(l) = 〈t1, t2, t3〉 is satisfied iff t2 � t1 � t3.
Any G-true literal is always satisfied.

Now we define a function that evaluated all interpreted terms within a sequence of
literals, removes satisfied interpreted literals, translated aggregate assignments to aggre-
gate atoms, or removes the whole sequence if it contains an unsatisfied interpreted literal.

Let L be a sequence of G-body or weighted literals ground w.r.t. H and E a set of
G-elements, then e(L,E) is the set of sequences of ground G-body or weighted literals
defined as follows:

• e(〈〉, E) = {〈〉},

• e(〈l〉 · L,E) fails if eval(l, E) fails, or e(L,E) fails, or l = l′w is a G-weighted lit-
eral, l′ is a G-range literal with args(l′) = 〈t1, t2, t3〉, w is a G-weight or ε, and t1 or
eval(t2, E) or eval(t3, E) is not a G-numeric constant,

• e(〈l〉 · L,E) = ∅, where eval(l, E) = l′w is a G-body or weighted literal, l′ is an
unsatisfied interpreted literal, and w is a G-ground weight or ε,

• e(〈l〉 · L,E) = e(L,E), where eval(l, E) = l′w is a G-body or weighted literal, l′ is a
satisfied interpreted literal, and w is a G-ground weight or ε,

• e(〈l〉 · L,E) fails, if l = na is a G-body literal, n is not or ε, a is a G-aggregate
atom with L(a) = 〈l1, . . . , ln〉, and some of args(a) is not a G-numeric constant nor
#infimum nor #supremum, or eval(L(a), E) fails, or e(L,E) fails, or for some 1 ≤ i ≤
n it holds that eval(li, E) = l′w is a G-weighted literal, l′ is a G-literal and w is not a
G-ground weight nor ε,

• e(〈l〉 · L,E) = {〈na′〉 · L′}, where l = na is a G-body literal, n is not or ε, a is
a G-aggregate atom, a′ is a G-aggregate atom obtained from a such that L(a′) =

ea(eval(L(a), E), E) with

– ea(〈〉, E) = 〈〉,

– ea(〈l′〉 · L′′, E) = ea(L′′, E), where l′ = l′′w is a G-weighted literal, l′′ is an
unsatisfied G-comparison literal, and w is a G-ground weight or ε,

– ea(〈l′〉 · L′′, E) = 〈l′′′w〉 · ea(L′′, E), where l′ = l′′w is a G-weighted literal, l′′ is
a satisfied G-comparison literal, w is a G-ground weight or ε, and l′′′ is a G-true
literal with args(l′′′) = args(l′′),

– ea(〈l′〉 · L′′, E) = 〈l′〉·ea(L′′, E), where l′ is any other kind of G-weighted literal,

and e(L,E) = {L′},

• e(〈l〉 · L,E) fails if l = t:=a is a G-aggregate assignment, t is a G-term, l′ = t a t is a
G-aggregate atom, and e(〈l′〉 · L,E) fails,
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• e(〈l〉 · L,E) = e(〈l′〉 · L,E), where l = t:=a is a G-aggregate assignment, t is a G-
term, and l′ = t a t is a G-aggregate atom,

• e(〈l〉 · L,E) = {〈eval(l, E)〉 · L′}, where l is some other G-body or weighted literal
and e(L,E) = {L′}.

Here we define the main function of this grounding phase.

Definition 4.7. Let L = {L1, . . . , Ln} be a set of sequences of G-body or weighted lit-
erals ground w.r.t. H , then Eval(L,E) fails if e(Li, E) fails for some 1 ≤ i ≤ n and
Eval(L,E) =

⋃n
i=1 e(Li, E). If Π is a set of G-rules ground w.r.t. H , then Eval(Π, E) fails

if e(H(ρ), E) or e(B(ρ), E) fails for some ρ ∈ Π, and Eval(Π, E) = {ρ′ | ρ ∈ Π, {H(ρ′)} =

e(H(ρ), E), {B(ρ′)} = e(B(ρ), E) 6= ∅}.

The following propositions are needed for the proof that the real-world ASP language
of Gringo we will define at the end satisfies all the conditions of Definition 3.14. This one
states that the result of this grounding phase is ground.

Proposition 4.2. Let L be a set of sequences of G-body or weighted literals ground w.r.t. H , then
Eval(L,E) is a set of sequences of ground G-body or weighted literals whenever Eval(L,E) does
not fail.

Proof. Let Eval(L,E) = L′. Then each element of L′ is ground w.r.t. H , while L is ground
w.r.t. H and e(·, ·) does not introduce any new G-elements. Also, L′ is ground w.r.t. HG

e ,
because e(·, ·) removes all interpreted literals, replaces G-aggregate assignments with G-
aggregate atoms, ensures that each G-weight is ground and evaluates all the G-terms.

Corollary 4.3. Let Π be a set of G-rules ground w.r.t. H , then Eval(Π, E) is a set of ground
G-rules whenever Eval(Π, E) does not fail.

Evaluation of interpreted elements preserves predicate symbols.

Proposition 4.4. Let ρ be a G-rule ground w.r.t. H and Eval({ρ}, E) = {r}, then DP(ρ) =

DP(r), SP(ρ) = SP(r) and ps(ρ) = ps(r).

Proof. By the definition we have that e(H(ρ), E) = {H(r)} and e(B(ρ), E) = {B(r)}. The
claim follows from the fact that e(·, ·) does not alter any G-o-literals.

Eval(·, E) is idempotent.

Proposition 4.5. Let r be a ground G-rule, then Eval({r}, E) = {r}.

Proof. We need to show that e(H(r), E) = {H(r)} and e(B(r), E) = {B(r)}. The claim
follows from the fact that e(·, ·) does not alter any ground G-elements.

The following is a consequence of Eval(·, ·) working on each element of its input sep-
arately. We will need it for other proofs.
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Theorem 4.6. Let L = 〈l1, . . . , ln〉 be a sequence of G-body or weighted literals ground w.r.t. H
such that Eval({L}, E) =

{
〈l′1, . . . , l′n′〉

}
and L′′ = 〈l′′1 , . . . , l′′n′′〉 a sequence of G-body or

weighted literals ground w.r.t. H such that Eval({L′′}, E) =
{
〈l′′′1 , . . . , l′′′n′′′〉

}
. Then it holds

that
{
l′′′1 , . . . , l

′′′
n′′′
}
⊆
{
l′1, . . . , l

′
n′
}

whenever
{
l′′1 , . . . , l

′′
n′′
}
⊆ {l1, . . . , ln}.

Proof. It holds that e(L,E) =
{
〈l′1, . . . , l′n′〉

}
and e(L′′, E) =

{
〈l′′′1 , . . . , l′′′n′′′〉

}
. Assume{

l′′1 , . . . , l
′′
n′′
}
⊆ {l1, . . . , ln}. We need to prove that for every 1 ≤ i′′′ ≤ n′′′ there is some

1 ≤ i′ ≤ n′ such that l′′′i′′′ = l′i′ . Consider arbitrary fixed i′′′ with 1 ≤ i′′′ ≤ n′′′. By
construction it must hold that e(〈l′′i′′〉 · L′′2, E) =

{
〈l′′′i′′′ , . . . , l′′′n′′′〉

}
, where L′′ = L′′1 · 〈l′′i′′〉 ·L′′2 .

From premises it follows that there is i within 1 ≤ i ≤ n such that L = L1 · 〈li〉 · L2 and
l′′i′′ = li. Thus, by construction we have e(〈l′′i′′〉 · L2, E) =

{
〈l′i′ , . . . , l′n′〉

}
and l′i′ = l′′′i′′′ .

4.6 Expanding Intervals and Pooled Terms

This section describes the second phase of grounding. The programs entering it are meant
to be ground w.r.t. HG

prep, which means that they contain no statements. After this phase
is finished, the programs should additionally not contain any intervals nor pooled terms,
so it should be ground w.r.t. HG

prep ∪HG
ip .

Intuitively, intervals are one by one expanded into more rules where in each rule the
interval is replaced by one value from its range. Practically, interval a..b in a rule ρ is
replaced by a fresh variableX and a range literal #range(X,a,b) which is true whenever
a ≤ X ≤ b is added to the body of the rule. If a pooled term is in a head of a rule, it is
expanded into more rules where in each rule the pooled term is replaced by one of its
arguments, but if it is in some literal in the body of a rule, it is expanded into more
literals withing the same body where in each literal the pooled term is replaced by one of
its arguments. The expansion into more rules is called global and the expansion into more
literals is called local. If an interval or a pooled term is inside an aggregate, it is always
expanded locally. The problem appears when an interval and a pooled term are together
in one body literal. For example q:-p(1..2,a;b). expands into rules

q:-p(1,b),p(1,a). q:-p(2,b),p(2,a).,

but q:-p(a;b,1..2). expands into rules

q:-p(b,1),p(a,1). q:-p(b,1),p(a,2).

q:-p(b,2),p(a,1). q:-p(b,2),p(a,2)..

This happens because the processing of intervals and pooled terms is interleaving. In-
formally, the syntax tree of a rule or literal is traversed post-order, when an interval is
encountered, it is replaced by a fresh variable and appropriate range literal is added to
the rule body, but when a pooled term is encountered, the whole rule or literal is repli-
cated. So if an interval precedes a pooled term in a body literal, as it is in the first example,
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it gets replace by a fresh variable once and then the pooled term is expanded. However,
when a pooled term precedes an interval, as it is in the second example, first the pooled
term replicates the literal, that creates two different intervals, which are then replaced by
two different variables and two distinct range literals are appended to the body. Now we
describe the procedure formally.

If L = 〈l1, . . . , ln〉 and L′ = 〈l′1, . . . , l′n′〉 are two sequences of sequences, then L� L′ =
〈l1 · l′1, . . . , l1 · l′n′ , . . . , l2 · l′1, . . . , ln−1 · l′n′ , . . . , ln · l′1, . . . , ln · l′n′〉.

The function exp(·) maps a G-element to a pair 〈E,R〉 of a sequence E of G-elements
and a set R of G-range literals as follows:

• exp(t) = 〈E,R2 ∪R〉, where t is an G-interval with args(t) = 〈a1, a2〉,

– E0 = 〈〈〉〉, R0 = ∅,

– 〈Ei, Ri〉 = 〈Ei−1 � 〈〈e1〉, . . . , 〈em〉〉, Ri−1 ∪R′〉with exp(ai) = 〈〈e1, . . . , em〉, R′〉
for 1 ≤ i ≤ 2,

– R = {#range(X,lj,hj) | X is a fresh variable, 1 ≤ j ≤ k} with E2 = 〈〈l1, h1〉,
. . ., 〈lk, hk〉〉 and E = {X | #range(X,a,b) ∈ R}.

• exp(t) = 〈E,Rn〉, where t is an G-pooled term with args(t) = 〈a1, . . . , an〉,

– E0 = 〈〈〉〉, R0 = ∅,

– 〈Ei, Ri〉 = 〈Ei−1 � 〈〈e1〉, . . . , 〈em〉〉, Ri−1 ∪R′〉with exp(ai) = 〈〈e1, . . . , em〉, R′〉
for 1 ≤ i ≤ n,

– E = A1 · . . . ·Ak with En = 〈A1, . . . , Ak〉.

• exp(t) = 〈E,Rn〉, where t is an G-term with args(t) = 〈a1, . . . , an〉,

– E0 = 〈〈〉〉, R0 = ∅,

– 〈Ei, Ri〉 = 〈Ei−1 � 〈〈e1〉, . . . , 〈em〉〉, Ri−1 ∪R′〉with exp(ai) = 〈〈e1, . . . , em〉, R′〉
for 1 ≤ i ≤ n,

– E = 〈t1, . . . , tk〉 with En = 〈A1, . . . , Ak〉 and tj is a G-term obtained from t so
that args(tj) = Aj for 1 ≤ j ≤ k.

• exp(l) = 〈E,Rn〉, where l is a G-unification or weighted literal with args(l) =

〈a1, . . . , an〉 and C(l) = 〈c1, . . . , cm〉,

– E0 = 〈〈〉〉, R0 = ∅,

– 〈Ei, Ri〉 = 〈Ei−1 � 〈〈e1〉, . . . , 〈en′〉〉, Ri−1 ∪R′〉with exp(ai) = 〈〈e1, . . . , en′〉, R′〉
for 1 ≤ i ≤ n,

– exp(cx) = 〈E′x, R′x〉 for 1 ≤ x ≤ m,

– R′ =
⋃m
x=1R

′
x =

{
r′1, . . . , r

′
nR′

}
, and

– E = 〈l1, . . . , lk〉 with En = 〈A1, . . . , Ak〉 and lj is obtained from l so that
args(lj) = Aj and C(lj) = E′1 · . . . · E′m · 〈r′1, . . . , r′nR′

〉 for 1 ≤ j ≤ k.
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A pooled term in a head expands into more rules. This may be achieved by post-
order traversing of only the head of the rule and processing the rest of the rule at the
end. During this processing, the function is called on each body literal separately and
the results are concatenated with all the range literals (including those from the head) to
form the new body. In case of literals inside aggregates, produced range literals should
be added to the conditions of particular literals in order to make them expand locally.

• exp(ρ) = 〈E, ∅〉, where ρ is a G-rule such that H(ρ) = 〈h1, . . . , hn〉 and B(ρ) =

〈b1, . . . , bm〉,

– E0 = 〈〈〉〉, R0 = ∅,

– 〈Ei, Ri〉 = 〈Ei−1 � 〈〈e1〉, . . . , 〈en′〉〉, Ri−1 ∪R′〉 and exp(hi) = 〈〈e1, . . . , en′〉, R′〉
for 1 ≤ i ≤ n,

– exp(bx) = 〈E′x, R′x〉 for 1 ≤ x ≤ m,

– R′ = Rn ∪
⋃m
x=1R

′
x =

{
r′1, . . . , r

′
nR′

}
, and

– E = 〈ρ1, . . . , ρk〉 with En = 〈A1, . . . , Ak〉 and ρj is a G-rule with H(ρ′) = Aj

and B(ρj) = E′1 · . . . · E′n · 〈r′1, . . . , r′nR′
〉 for 1 ≤ j ≤ k.

• exp(a) = 〈E,R2〉, where a is a G-aggregate atom with args(a) = 〈b1, b2〉 and L(a) =

〈l1, . . . , ln〉,

– E0 = 〈〈〉〉, R0 = ∅,

– 〈Ei, Ri〉 = 〈Ei−1 � 〈〈e1〉, . . . , 〈en′〉〉, Ri−1 ∪R′〉with exp(bi) = 〈〈e1, . . . , en′〉, R′〉
for 1 ≤ i ≤ 2,

– exp(lx) = 〈〈ex1 , . . . , exnE′x
〉,
{
rx1 , . . . , r

x
nR′x

}
〉 for 1 ≤ x ≤ n,

– lxi is a G-weighted literal obtained from exi so that C(lxi ) = C(exi ) · 〈rx1 , . . . , rxnR′x
〉

for 1 ≤ i ≤ nE′x for 1 ≤ x ≤ n, and

– E = 〈a1, . . . , ak〉 with E2 = 〈A1, . . . , Ak〉 and aj is obtained from a so that
args(aj) = Aj and L(aj) = 〈l11, . . . , l1nE′1

, l21, . . . , l
n−1
nE′n−1

, ln1 , . . . , l
n
nE′n
〉 for 1 ≤ j ≤

k.

• exp(a) = 〈E,R1〉, where a is a G-aggregate assignment with args(a) = 〈t1〉 and
L(a) = 〈l1, . . . , ln〉,

– E0 = 〈〈〉〉, R0 = ∅,

– 〈Ei, Ri〉 = 〈Ei−1 � 〈〈e1〉, . . . , 〈en′〉〉, Ri−1 ∪R′〉with exp(bi) = 〈〈e1, . . . , en′〉, R′〉
for 1 ≤ i ≤ 1,

– exp(lx) = 〈〈ex1 , . . . , exnE′x
〉,
{
rx1 , . . . , r

x
nR′x

}
〉 for 1 ≤ x ≤ n,

– lxi is a G-weighted literal obtained from exi so that C(lxi ) = C(exi ) · 〈rx1 , . . . , rxnR′x
〉

for 1 ≤ i ≤ nE′x for 1 ≤ x ≤ n, and
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– E = 〈a1, . . . , ak〉 with E1 = 〈A1, . . . , Ak〉 and aj is obtained from a so that
args(aj) = Aj and L(aj) = 〈l11, . . . , l1nE′1

, l21, . . . , l
n−1
nE′n−1

, ln1 , . . . , l
n
nE′n
〉 for 1 ≤ j ≤

k.

Definition 4.8. Let ρ be a G-rule such that exp(ρ) = 〈〈ρ1, . . . , ρn〉, R〉 for some R. Then
ExpIP(ρ) = {ρ1, . . . , ρn}.

Now we prove properties that are needed to show that the real-world ASP language
of Gringo we will define at the end satisfies all the conditions of Definition 3.14.

Expansion of intervals and pooled terms preserves predicate symbols. They stay in
the same part of the rule, as the following theorem states.

Theorem 4.7. Let ρ be a G-rule, then each G-element ρ′ ∈ ExpIP(ρ) is a G-rule ground w.r.t. HG
ip

such that DPG(ρ) = DPG(ρ′), SPG(ρ) = SPG(ρ′) and ps(ρ) = ps(ρ′).

Proof. Each ρ′ ∈ ExpIP(ρ) is a G-rule, while E from exp(ρ) = 〈E,R〉 is a set of G-rules.
Now we show that each ρ′ ∈ ExpIP(ρ) is ground w.r.t. HG

ip . We need to prove only
that for any G-element e it holds that exp(e) contains no G-interval nor G-pooled term.
The proof is by induction on syntactic structure of e.

• The basic case: For any G-term t with no arguments args(t) = 〈〉 (G-variable or
G-constant) exp(t) = 〈〈t〉, ∅〉 and t is ground w.r.t. HG

ip .

• Induction hypothesis (IH): For any subelements e′ of e it holds that exp(e′) contains
no G-interval nor G-pooled term.

• The step case: It is clear that no case of evaluation of exp(·) creates any G-interval
nor G-pooled term, so as long as IH holds, also exp(e) contains no G-interval nor
G-pooled term.

Next we show that for any G-elements e and e′ with exp(e) = 〈E,R〉 and e′ ∈ E it
holds that ps(e) = ps(e′). This can also be done by induction on syntactic structure of e.

• The basic case: A G-term t contains no G-predicate symbols and exp(t) contains
only G-terms or G-range literals.

• Induction hypothesis (IH): The claim holds for any subelement of e.

• The case of e being a G-unification or weighted literal: ps(e) contains the G-predicate
symbol of e if it is a G-o-literal (possibly with weight) and G-predicate symbols from
C(e). By IH the claim holds for every c ∈ C(e) and while exp(e) is obtained from e

by replacing each c ∈ C(e) by results of exp(c), the claim holds also for e.

• The case of e being a G-aggregate atom or assignment: While exp(e) is obtained
from e by replacing each l ∈ L(e) by results of exp(l), the claim follows directly
from IH.
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• The case of e being a G-rule: While exp(e) is obtained from e by replacing each
h ∈ H(e) by results of exp(h) and each b ∈ H(e) by results of exp(b), the claim
follows directly from IH.

Finally, we prove that DPG(ρ) = DPG(ρ′) and SPG(ρ) = SPG(ρ′). If some p ∈
DPG(ρ), then p does not occur within any G-condition. As ps(e) = ps(e′) for any subterm
e of ρ and any e′ ∈ E with exp(e) = 〈E,R〉, this is exactly when p does not occur within
any G-condition in ρ′. In the same fashion, p occurs within H(ρ) iff it occurs within H(ρ′).
Thus p ∈ DPG(ρ) iff p ∈ DPG(ρ′). Furthermore, if p ∈ SPG(ρ), then p occurs within some
G-condition or some G-aggregate atom or assignment in ρ. Out of the same reasons as
before, this is exactly when p occurs within some G-condition or some G-aggregate atom
or assignment in ρ′. Thus p ∈ SPG(ρ) iff p ∈ SPG(ρ′).

Expansion of intervals and pooled terms is idempotent.

Proposition 4.8. Let e be a ground G-element, then ExpIP(e) = {e}.

Proof. The claim can be proven by induction on syntactic structure of e. It follows from
the fact that for each case of the evaluation of exp(e) it holds that the returned sequence
of G-elements contains only one G-element while e is ground.

4.7 Variable Safety

The third and fourth phase of grounding, global substitutions and condition expansion,
work properly only if all the variables in processed elements are safe. This section ex-
plains what safe means in the case of Gringo.

First we separate variables of a rule between global and local variables. Variables that
occur in the rule on a position, that is not within a condition, are called global. Variables
that are not global, are local. In other words, local variables occur only in the conditions
of some conditioned literal and possibly also in that conditioned literal.

Definition 4.9. Let e be a G-element or a sequence of G-elements. Then local variables in
e, denoted varsl (e) ⊆ vars(e), is the set of all variables from e that occur only within
G-conditioned objective or comparison literals in e, and global variables in e, denoted
varsg(e) ⊆ vars(e), is the set of all variables from e that are not local.

During the process of grounding, variables are instantiated according to literals that
bind them. If, for instance, the grounder knows from meta-data it collected that no an-
swer set can possibly contain more than literals {p(1), p(2), p(3)} of predicate p/1, then,
in a rule where literal p(X) occurs in the body, it substitutes X only to {1, 2, 3}. We say
that variable X is bound by body literal p(X). Similar holds for unification literals and
aggregate assignments. If all the variables on the right hand side of an unification literal
are bound by some other literal in the rule body, all the variables on its left hand side are
bound by the unification literal. Naturally, cyclic dependencies of unification literals and

54



4. GRINGO 4.8. Local Substitutions

aggregate assignments bind no variables. There are a few exceptions. If a variable occurs
in a literal within an interpreted term, it cannot be bound by this literal, because its value
must be knows before evaluating the interpreted term. Analogous holds for weights.

Definition 4.10. Let l be a G-o-literal ground w.r.t. HG
ip , then a G-variable X is bound by l,

if X occurs in l, but this occurrence is not within an interpreted term. If l = l′w is a G-
weighted literal ground w.r.t. HG

ip , l′ is a G-o-literal and w is a G-weight, then a G-variable
X is bound by l iff it is bound by l′.

Let L be a sequence of G-body or weighted literals ground w.r.t. HG
ip and let e be a

G-body or weighted literal in it. Then a G-variable X is bound by e in L iff either of the
following holds:

• e = l:=r is an G-unification literal or G-assignment aggregate, l is a G-term, r is a
G-term or a G-assignable aggregate, X occurs in l, but this occurrence is not within
an interpreted term, and each G-variable in varsg(r) is bound by some other G-body
or weighted literal preceding e in L.

• e is an G-range literal with args(e) = 〈X, l, h〉 and all G-variables in l and h are
bound by some other G-body or weighted literal preceding e in L.

Global variables are safe iff they are bound by some body literal and local variables
are safe iff they are bound by some condition, while these determine their instantiation.

Definition 4.11. A sequence L of G-body or weighted literals ground w.r.t. HG
ip is safe iff

it can be reordered into sequence L′ so that for each G-variable X it holds that

• if X ∈ varsg(L′), then X is bound by some G-body or weighted literal in L′, and

• if X ∈ varsl (L
′), then for each G-conditioned objective or comparison literal l in L′

in which X occurs, C(l) is safe and X ∈ varsg(C(l)).

L′ is called ordering of L with respect to variable dependency. Furthermore, a G-rule ρ ground
w.r.t. HG

ip is safe iff B(ρ) is safe and for each G-variable X it holds that

• if X ∈ varsg(H(ρ)), then X ∈ varsg(B(ρ)), and

• if X ∈ varsl (H(ρ)), then for each G-conditioned objective or comparison literal l in
H(ρ) in which X occurs, C(l) is safe and X ∈ varsg(C(l)).

A set of G-rules is safe iff each of its G-rules is safe.

4.8 Local Substitutions

During the grounding process Gringo first determines how global variables of a rule are
substituted by so-called global substitutions, and then it expands conditions according to
substitutions of local variables called local substitutions. However, the definition of global
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substitutions depends on the definition of condition expansion, which, in turn, depends
on the definition of local substitutions. This is because an aggregate assignment may bind
variables, which means that they determine global substitutions of these variables, and
these depend on what values may the aggregate take, for which the conditions in it need
to be expanded. Hence, we present the substitutions in the reversed order. In this section
we define how substitutions of variables bound by literals occurring in conditions are
determined. Then we explain how the conditions are expanded in the following section.
And finally we finish the substitution definition in the subsequent section.

Gringo does not try to make all possible substitutions, which would lead to naïve
grounding. Instead, it has a way to find all the ground o-literals that may occur in some
answer set and it applies only substitutions determined by these literals. We call the set
of these ground o-literals active base and we usually denote it with B. All sensible substi-
tutions of a variable bound by some o-literal are determined by successful unifications of
this o-literal with literals form B. However, the binding o-literal may contain also vari-
ables it does not bind within some arithmetic functions. Unification would never succeed
in such case, while no arithmetic functions occur in ground o-literals. So for the cases as
this one

q(X,Y) :- p(X,Y+1), p(X-2,Y).

we need partial unifications. That is why we define the notions of selectors and syntactic
path.

A selector is a pair 〈g, i〉, where g is a G-predicate or function symbol and i is a natural
number. An G-o-literal with G-predicate symbol p and n arguments admits selector 〈g, i〉
iff p = g and i ≤ n. An G-standard function with G-function symbol f and n arguments
admits selector 〈g, i〉 iff f = g and i ≤ n. If e is an G-o-literal or a G-standard function
that admits selector 〈g, i〉 and args(e) = 〈a1, . . . , an〉, the selector selects the argument ai,
denoted 〈g, i〉(e) = ai. A syntactic path is a sequence of selectors. An G-o-literal or a
G-standard function e always admits the empty syntactic path 〈〉, moreover 〈〉(e) = e.
Having a syntactic path π = π′ · s ending with selector s, e admits π iff e admits π′,
π′(e) = e′ and e′ admits s. Furthermore, if e admits π and π′(e) = e′, then π(e) = s(e′).

We represent substitutions by sets of pairs 〈X, t〉 where X is a G-variable and t is a
G-term. A substitution θ contains mapping for a G-variable X , or shortly maps a G-variable
X , iff 〈X, t〉 ∈ θ for some t. A substitution θ substitutes G-variable X as follows: θ(X) = t

iff 〈X, t〉 ∈ θ, otherwise θ(X) = X . A substitution θ is a ground substitution iff vars(t) = ∅
for each 〈X, t〉 ∈ θ. As usually, we extend substitutions to any G-element e, so that they
replace all the G-variables in e for which they contain mapping.

In order to ensure that no substitution that may result in an active rule is omitted, we
need to specify how such a satisfying substitution looks like.

Definition 4.12. Let L be a sequence of safe G-body literals ground w.r.t. HG
ip , B a set of

ground G-o-literals and E a set of G-elements. Then a ground substitution θ mapping all
G-variables within L is satisfying for L with respect to B and E iff
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(i) Eval({ExpC (θ(L), B,E)}, E) = {L′},

(ii) o-lits(L′) ⊆ B, and

(iii) for each G-aggregate atom a within L′ with args(a) = 〈l, h〉 and AF(a) = f(·) it
holds that l � f(W(a, I)) � h for some I ∈ D(a).

If a substitution is satisfying for a set of literals, it is satisfying also for its subset.

Lemma 4.9. Let L = 〈l1, . . . , ln〉 and L′ = 〈l′1, . . . , l′n′〉 be two sequences of safe G-body literals
ground w.r.t. HG

ip such that
{
l′1, . . . , l

′
n′
}
⊆ {l1, . . . , ln}. Let B be a set of ground G-o-literals and

E a set of G-elements. If θ is a satisfying substitution for L w.r.t. B and E, then θ is satisfying
also for L′ w.r.t. B and E.

Proof. Assume that

Eval({ExpC (θ(L), B,E)}, E) =
{
〈l′′1 , . . . , l′′n′′〉

}
and

Eval({ExpC (θ(L′), B,E)}, E) =
{
〈l′′′1 , . . . , l′′′n′′′〉

}
.

By Theorem 4.6 we have
{
l′′′1 , . . . , l

′′′
n′′′
}
⊆
{
l′′1 , . . . , l

′′
n′′
}

. While o-lits(〈l′′1 , . . . , l′′n′′〉) ⊆ B,
then also o-lits(〈l′′′1 , . . . , l′′′n′′′〉) ⊆ B and also the Condition (iii) holds also for 〈l′′′1 , . . . , l′′′n′′′〉.

Next we define how all satisfying local substitutions are obtained. These are the sub-
stitutions that will be applied to local variables in order to expand conditions.

Definition 4.13. Let C be a sequence of safe G-conditions ground w.r.t. HG
ip and let C ′ be

ordering of C w.r.t. variable dependency. Let B be a set of ground G-o-literals and E a set
of G-elements. Then subs l(C

′, B,E) is a set of substitutions defined as follows:

• subs l(〈〉, B,E) = {∅},

• subs l(L · 〈l〉, B,E) fails, if subs l(L,B,E) fails, or if subl(l, B,E, θ) fails for some θ ∈
subs l(L,B,E),

• subs l(L · 〈l〉, B,E) = {θ ∪ θ′ | θ ∈ subs l(L,B,E), θ′ ∈ subl(l, B,E, θ)},
(Note that if subl(l, B,E, θ) = ∅ or subs l(L,B,E) = ∅, then subs l(L · 〈l〉, B,E) = ∅.)

where

• subl(l, B,E, θ) = {θ1, . . . , θm}, when

– l is a G-o-literal with vars(θ(l)) 6= ∅,

– {V1, . . . , Vn} ⊆ vars(θ(l)) is the set of G-variables bound by θ(l),

– πx is the syntactic path with πx(θ(l)) = Vx for 1 ≤ x ≤ n,

– B′ ⊆ B is a set of ground G-o-literals that admit all the paths in {π1, . . . , πn},
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– B′ = {l1, . . . , lm} and θi = {〈Vx, t〉 | πx(li) = t, 1 ≤ x ≤ n} for 1 ≤ i ≤ m,
(Note that θ ∩ θi = ∅ for 1 ≤ i ≤ m, while θi maps only G-variables that were
not substituted by θ.)

• subl(u,B,E, θ) fails, if u is a G-unification literal with args(θ(u)) = 〈l, r〉 and one of
eval(l, E) or eval(r, E) fails,
(Note that vars(r) = ∅ if C ′ is ordering of C w.r.t. variable dependency.)

• subl(u,B,E, θ) = ∅, when u is a G-unification literal with args(θ(u)) = 〈l, r〉, and
eval(l, E) does not unify with eval(r, E),

• subl(u,B,E, θ) = {θ′}, when u is a G-unification literal with args(θ(u)) = 〈l, r〉, and
θ′ is the result of unification of eval(l, E) and eval(r, E),

• subl(r,B,E, θ) fails, if r is a G-range literal, args(θ(r)) = 〈v, l, h〉, and eval(l, E) fails
or eval(h,E) fails, or eval(l, E) or eval(h,E) is not a G-numeric constant,
(Note that vars(l) = vars(h) = ∅ if C ′ is ordering of C w.r.t. variable dependency.)

• subl(r,B,E, θ) = ∅, when r is a G-range literal, args(eval(θ(r), E)) = 〈v, l, h〉, and v
is not a G-variable, nor a G-numeric constant such that l � v � h,

• subl(r,B,E, θ) = {∅}, when r is a G-range literal, args(eval(θ(r), E))) = 〈v, l, h〉,
and v is a G-numeric constant such that l � v � h,

• subl(r,B,E, θ) = {{〈v, t〉} | t is a G-numeric constant, l � t � h}, when r is a G-
range literal, args(eval(θ(r), E))) = 〈v, l, h〉, and v is a G-variable,

• subl(c,B,E, θ) = {∅}, when c is some other G-condition (G-comparison literal or
defaultly negated G-o-literal or G-true literal).

All the substitutions produced by this function map all the variables in C to ground
terms. This function finds all the substitutions that are satisfying for C w.r.t.B andE, but
it may find more. The following theorem states that a local substitution for a sequence of
safe conditions is ground and defined over all variables from the conditions.

Theorem 4.10. Let C be a sequence of safe G-conditions ground w.r.t. HG
ip and let C ′ be ordering

of C w.r.t. variable dependency. Let B be a set of ground G-o-literals and E a set of G-elements.
Then, if subs l(C ′, B,E) does not fail, it is a set of ground substitutions defined over all variables
in C.

Proof. Assume subs l(C
′, B,E) does not fail. As C ′ is reordering of C and each variable in

it is bound by some G-condition in it, we need to show that for each θ ∈ subs l(C
′, B,E) it

holds that it contains at least one mapping for each variable bound by some G-condition
in C ′, each mapping it contains maps to a variable-free term and it does not contain two
mappings for any variable. The proof is by induction on C ′.
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• The basic case: For C ′ = 〈〉 we have subs l(C
′, B,E) = {∅}, so the claim holds

trivially.

• Induction hypothesis (IH): Let C ′ = C ′′ · 〈c〉. For each θ′ ∈ subs l(C
′′, B,E) it holds

that it contains at least one mapping for each variable bound by some G-condition
in C ′′, each mapping it contains maps to a variable-free term and it does not contain
two mappings for any variable.

• The step case: While subs l(C
′, B,E) does not fail, nor subs l(C

′′, B,E) fail, nor
subl(c,B,E, θ

′) fails for any θ′ ∈ subs l(C
′′, B,E).

We need to show that the claim holds for each θ = θ′ ∪ θ′′ with θ′ ∈ subs l(C
′′, B,E)

and θ′′ ∈ subl(c,B,E, θ
′). From IH it follows that θ contains at least one mapping

for each variable bound by some G-condition in C ′′, if it contains a mapping that
maps to a term that contains some variables, this mapping is in θ′′, and if θ contains
two mappings for some variable, this variable is mapped by θ′′. So we need to show
that

(1) if c binds some variable not mapped by θ′, there is a mapping for it in θ′′,

(2) there is no mapping in θ′′ that maps to a term that contains some variables, and

(3) if there is mapping for some variable in θ′, there is no mapping for it in θ′′.

• If subl(c,B,E, θ′) = ∅, then the claim holds trivially.

• The proof of (1): Let X be arbitrary fixed variable bind by c and not mapped by θ′.

– If c is a G-o-literal, it holds that X ∈ vars(θ′(c)) is bound by θ′(c), so each
θ′′ ∈ subl(c,B,E, θ

′) contains mapping of X .

– If c is a G-unification literal with args(θ′(c)) = 〈l, r〉, then θ′′ is the result of uni-
fication of eval(l, E) and eval(r, E), and while C ′ is an ordering w.r.t. variable
dependency, r contains no variables, thus θ′′ maps X to a variable free term.

– If c is a G-range literal with args(eval(θ′′(c), E)) = 〈v, l, h〉, from premises it
follows that v = X , so each θ′′ ∈ subl(c,B,E, θ

′) maps X to a G-numeric
constant.

• The proof of (2):

– If c is a G-o-literal, each θ′′ ∈ subl(c,B,E, θ
′) maps to terms occurring in B,

which is ground.

– If c is a G-unification literal with args(θ′(c)) = 〈l, r〉, then θ′′ is the result of uni-
fication of eval(l, E) and eval(r, E), and while C ′ is an ordering w.r.t. variable
dependency, r contains no variables, thus every mapping θ′′ contains maps to
a variable-free term.
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– If c is a G-range literal, then either θ′′ = ∅, in which case the claim holds triv-
ially, or each θ′′ ∈ subl(c,B,E, θ

′) maps to G-numeric constants, which contain
no G-variables.

• The proof of (3): Let X be arbitrary fixed variable mapped by θ′.

– If c is a G-o-literal, it holds that X /∈ vars(θ′(c)), so there is no mapping for X
in any θ′′ ∈ subl(c,B,E, θ

′).

– If c is a G-unification literal with args(θ′(c)) = 〈l, r〉, then θ′′ is the result of
unification of eval(l, E) and eval(r, E), and it contains no mapping for X .

– If c is a G-range literal with args(eval(θ′′(c), E)) = 〈v, l, h〉 and if v is a G-
numeric constant, θ′′ = ∅. But if v is a G-variable, from premises it follows
that v 6= X , so no θ′′ ∈ subl(c,B,E, θ

′) maps X .

– If c is any other G-condition, θ′′ = ∅ and the claim holds trivially.

The following theorem claims that the set of local substitutions for a sequence of safe
conditions contains each substitution that is satisfying for this sequence.

Theorem 4.11. Let C be a sequence of safe G-conditions ground w.r.t. HG
ip and let C ′ be ordering

of C w.r.t. variable dependency. Let B be a set of ground G-o-literals and E a set of G-elements.
Then, if there is a satisfying substitution ϑ forC w.r.t.B andE, then there is θ ∈ subs l(C

′, B,E)

with θ ⊆ ϑ.

Proof. The proof is by induction on C ′:

• The basic case: If C ′ = 〈〉, then subs l(〈〉, B,E) = {∅}, and ∅ ⊆ ϑ for any ϑ.

• Induction hypothesis (IH): Let C ′ = C ′′ · 〈c〉. If there is ϑ satisfying for C ′′ w.r.t. B
and E, then there is θ ∈ subs l(C

′′, B,E) with θ ⊆ ϑ.

• The step case: Assume there is ϑ′ satisfying for C w.r.t. B and E. By Lemma 4.9 it
is satisfying also for C ′′ w.r.t. B and E, so by IH there is θ′ ∈ subs l(C

′′, B,E) with
θ′ ⊆ ϑ′. Now it is sufficient to show that there is some θ′′ ∈ subl(c,B,E, θ

′) such
that θ′′ ⊆ ϑ′.

• If c is a G-o-literal:

– Then l = eval(ϑ′(c), E) ∈ B by Definition 4.7 and Definition 4.12.

– Now if no variables in vars(θ′(c)) are bound by θ′(c), then subl(c,B,E, θ
′) =

{∅}, so θ′′ = ∅ and θ′′ ⊆ ϑ′.

– If there are some variables {V1, . . . , VnV } ⊆ vars(θ′(c)) bound by θ′(c), let πx
be the syntactic path with πx(θ′(c)) = Vx for 1 ≤ x ≤ nV , then l admits all the
paths in {π1, . . . , πn}, because eval(·, ·) acts only on interpreted subterms and
bounded variables are not within any interpreted subterm.
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– Thus there is θ′′ = {〈Vx, t〉 | πx(l) = t, 1 ≤ x ≤ nV } and θ′′ ⊆ ϑ′.

• If c is a G-unification literal:

– Let args(c) = 〈l, r〉.

– From the premises it follows that eval(ϑ′(l), E) unifies with eval(ϑ′(r), E).

– While C ′ is an ordering w.r.t. variable dependency, all variables in r are bound
in C ′′ and, by Theorem 4.10, θ′ maps all these variables.

– Let θ′′ be the result of the unification of eval(θ′(l), E) and eval(θ′(r), E), then
θ′′ ∈ subl(c,B,E, θ

′) and, while θ′ ⊆ ϑ′, we have θ′′ ⊆ ϑ′.

• If c is a G-range literal:

– Let args(c) = 〈v, l, h〉.

– From the premises we have that i = eval(ϑ′(v), E) is a G-numeric constant and
eval(ϑ′(l), E) � i � eval(ϑ′(h), E).

– While C ′ is an ordering w.r.t. variable dependency, all variables in l and h are
bound in C ′′ and, by Theorem 4.10, θ′ maps all these variables.

– As θ′ ⊆ ϑ′ and ϑ′ is satisfying, eval(θ′(v), E) is i or a G-variable.

– Now if it is i, then subl(c,B,E, θ
′) = {∅}, so θ′′ = ∅ and θ′′ ⊆ ϑ′.

– If it is a G-variable X , there is θ′′ = {〈X, i〉} ∈ subl(c,B,E, θ
′), so θ′′ ⊆ ϑ′.

• If c is any other G-condition: Then subl(c,B,E, θ
′) = {∅}, so θ′′ = ∅ and θ′′ ⊆ ϑ′.

If two sets of ground G-o-literals coincide on literals with predicate symbols of o-
literals from the function’s input, it will produce the same set of substitutions.

Theorem 4.12. Let C be a sequence of safe G-conditions ground with respect to HG
ip , let PO =⋃

c∈o-lits(C) ps(c), and let C ′ be ordering of C w.r.t. variable dependency. Let B1 and B2 be
two sets of ground G-o-literals with B1|PO = B2|PO, and E a set of G-elements. Then if
subs l(C

′, B1, E) nor subs l(C ′, B2, E) fails, subs l(C ′, B1, E) = subs l(C
′, B2, E).

Proof. Assume that subs l(C ′, B1, E) nor subs l(C
′, B2, E) fails. We need to prove that if

ϑ ∈ subs l(C
′, B1, E), then ϑ ∈ subs l(C

′, B2, E). (The opposite direction is the same, except
B1 and B2 are switched.) Assume ϑ ∈ subs l(C

′, B1, E). The proof is by induction on C ′.

• The basic case: Consider C ′ = 〈〉. Then subs l(C
′, B1, E) = {∅}, so ϑ = ∅. And also

subs l(C
′, B2, E) = {∅}, so ϑ ∈ subs l(C

′, B2, E).

• Induction hypothesis (IH): Let C ′ = C ′′ · 〈c〉. If ϑ′ ∈ subs l(C
′′, B1, E), then ϑ′ ∈

subs l(C
′′, B2, E).

• The step case: From the fact that subs l(C ′, B1, E) nor subs l(C ′, B2, E) fails, it follows
that subs l(C

′′, B1, E) nor subs l(C
′′, B2, E) fails, and furthermore subl(c,B1, E, θ1)
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does not fail for any θ1 ∈ subs l(C
′′, B1, E), nor subl(c,B2, E, θ2) fails for any θ2 ∈

subs l(C
′′, B2, E).

Let ϑ′ ∈ subs l(C
′′, B1, E). As ϑ′∪θ′ ∈ subs l(C

′, B1, E) for some θ′ ∈ subl(c,B1, E, ϑ
′)

and IH holds, it suffices to prove that θ′ ∈ subl(c,B2, E, ϑ
′).

• If c is a G-o-literal:

– If no variables from vars(ϑ′(c)) are bound by ϑ′(c), then subl(c,B1, E, ϑ
′) =

{∅}, so θ′ = ∅. It also holds that subl(c,B2, E, ϑ
′) = {∅}, hence we have θ′ ∈

subl(c,B2, E, ϑ
′).

– Otherwise, let {V1, . . . , Vn} ⊆ vars(ϑ′(c)) be the set of G-variables bound by
ϑ′(c). It is not empty.

– Let πx be the syntactic path with πx(ϑ′(c)) = Vx for 1 ≤ x ≤ n.

– B′ ⊆ B1 is a set of ground G-o-literals that admit all the paths in {π1, . . . , πn}.

– B′ = {l1, . . . , lm} and θ′ = {〈Vx, t〉 | πx(li) = t, 1 ≤ x ≤ n} for some 1 ≤ i ≤ m.

– Consider arbitrary fixed l′ ∈ B′. While l′ and c admit the same syntactic path,
they have the same G-predicate symbol. Thus the G-predicate symbol of l′ is
in PO, so l′ ∈ B1|PO.

– As B1|PO = B2|PO, then B′ ⊆ B2.

– Thus for the same 1 ≤ i ≤ m as before we have li ∈ B2, and hence θ′ ∈
subl(c,B2, E, ϑ

′).

• If c is a G-unification literal:

– Let args(c) = 〈l, r〉.

– While C ′ is an ordering w.r.t. variable dependency, all variables in r are bound
in C ′′ and, by Theorem 4.10, ϑ′ maps all these variables.

– If eval(ϑ′(l), E) or eval(ϑ′(r), E) fails, then subl(c,B1, E, ϑ
′) fails, which is a

contradiction with the premises.

– If eval(ϑ′(l), E) does not unify with eval(ϑ′(r), E), then subs l(C
′, B1, E) = ∅,

which is a contradiction with the premises.

– Let θ′ be the result of the unification of eval(ϑ′(l), E) and eval(ϑ′(r), E). Then
θ′ ∈ subl(c,B1, E, ϑ

′) and also θ′ ∈ subl(c,B2, E, ϑ
′).

• If c is a G-range literal:

– Let args(c) = 〈v, l, h〉.

– While C ′ is an ordering w.r.t. variable dependency, all variables in r are bound
in C ′′ and, by Theorem 4.10, ϑ′ maps all these variables.
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– If eval(ϑ′(l), E) or eval(ϑ′(h), E) fails, or if eval(ϑ′(l), E) or eval(ϑ′(h), E) is not
a G-numeric constant, then subl(c,B1, E, ϑ

′) fails, which is a contradiction with
the premises.

– If i = eval(ϑ′(v), E) is not a G-variable nor a G-numeric constant such that
eval(ϑ′(l), E) � i � eval(ϑ′(h), E), then subs l(C

′, B1, E) = ∅, which is a con-
tradiction with the premises.

– If i a G-numeric constant such that eval(ϑ′(l), E) � i � eval(ϑ′(h), E), then
subl(c,B1, E, ϑ

′) = {∅}, so θ′ = ∅. It also holds that subl(c,B2, E, ϑ
′) = {∅},

hence we have θ′ ∈ subl(c,B2, E, ϑ
′).

– If i a G-variable, let θ′ = 〈i, t〉, where t is a G-numeric constant such that
eval(ϑ′(l), E) � t � eval(ϑ′(h), E). Then θ′ ∈ subl(c,B1, E, ϑ

′) and also θ′ ∈
subl(c,B2, E, ϑ

′).

• If c is any other G-condition: Then subl(c,B1, E, ϑ
′) = {∅}, so θ′ = ∅. It also holds

that subl(c,B2, E, ϑ
′) = {∅}, hence we have θ′ ∈ subl(c,B2, E, ϑ

′).

4.9 Condition Expansion

The condition expansion can be applied to elements that are ground w.r.t. HG
prep ∪ HG

ip

and contain no global variables. As a result, all variables in the elements are substituted
and all conditioned literals are expanded according to local substitutions satisfying their
conditions.

Definition 4.14. Let l = l′s be a G-conditioned objective or comparison literal ground
w.r.t. HG

ip , where l′ is a G-objective or comparison literal and s is a string, such that C(l)

is safe and all G-variables from vars(l′) are bound by some G-condition in C(l). Let C ′ be
ordering of C(l) w.r.t. variable dependency, B a set of ground G-o-literals and E a set of
G-elements. Then ExpC (l, B,E) fails, if subs l(C ′, B,E) fails or Eval({θ(C ′)}, E) fails for
some θ ∈ subs l(C

′, B,E). Otherwise it is equal to:

{θ(l′) | θ ∈ subs l(C
′, B,E),Eval(

{
θ(C ′)

}
, E) = {L} , o-lits(L) ⊆ B, o-lits−(L) ∩B = ∅}.

We extend ExpC (·, B,E) to safe G-aggregate atoms or assignments a ground w.r.t. HG
prep∪

HG
ip that contains no global variables, so that each G-weighted literal l = n l′w in L(a),

such that n = not or n = ε, l′ is a G-conditioned objective or comparison literal and w

is a G-weight or ε, is replaced with n l1w, . . . ,n lmw where ExpC (l′, B,E) = {l1, . . . , lm}.
Further, we extend ExpC (·, B,E) to safe sequences L of G-elements ground w.r.t. HG

prep ∪
HG
ip that contains no global variables, so that

• ExpC (〈〉, B,E) = 〈〉,

• ExpC (〈a〉 · L,B,E) = 〈ExpC (a,B,E)〉 · ExpC (L,B,E), where a is a G-aggregate
atoms or assignments,
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• ExpC (〈l〉 · L,B,E) = 〈l1, . . . , lm〉 · ExpC (L,B,E), where l = n l′ is a G-body lit-
eral, n = not or n = ε, l′ is a G-conditioned objective or comparison literal and
ExpC (l′, B,E) = {l1, . . . , lm}, and

• ExpC (〈l〉 · L,B,E) = 〈l〉 · ExpC (L,B,E) otherwise.

Finally, we extend ExpC (·, B,E) to safe G-rules ρ ground w.r.t. HG
prep ∪ HG

ip that contains
no global variables, so that ExpC (ρ,B,E) = ρ′ where H(ρ′) = ExpC (H(ρ), B,E) and
B(ρ′) = ExpC (B(ρ), B,E).

The condition satisfaction is checked against the second argument of the function.
Thus, it must be ensured that the set of ground G-o-literals B coincides with all the an-
swer sets of the program on G-o-literals of predicates occurring in conditions. This is
done by requiring valid Gringo programs to admit special kind of stratification, where
all predicates from conditions may occur only in strata that are stratified according to
negation and aggregates, and contain only single G-o-literals in their heads. Thus, these
strata form a fragment that can be evaluated deterministically. So interpretation of pred-
icates from conditions is knows during grounding.

Proposition 4.13. Let ρ be a safe G-rule ground w.r.t. HG
prep ∪ HG

ip that contains no global vari-
ables. Then ρ′ = ExpC (ρ,B,E) is ground w.r.t. HG

prep ∪ HG
ip ∪ HG

s ∪ HG
c , DP(ρ′) = DP(ρ),

SP(ρ′) ⊆ SP(ρ) and ps(ρ′) ⊆ ps(ρ).

Proof. Let ExpC (ρ,B,E) = ρ′. It is obvious that ρ′ is ground w.r.t. HG
prep ∪ HG

ip , as ρ is
ground w.r.t. HG

prep ∪ HG
ip . Moreover, ρ′ contains no variables, while ρ contains no global

variables and by Theorem 4.10 all local variables are substituted. Finally, ρ′ contains no
G-conditioned objective or comparison literals nor G-conditions, because all are replaced
by ExpC (·, ·, ·).

While ExpC (·, ·, ·) does not introduce any G-predicate symbols that were not in ρ al-
ready and it possibly removes only G-predicate symbols that occur within conditions,
from Definition 4.3 it follows that DP(ρ′) = DP(ρ), SP(ρ′) ⊆ SP(ρ) and ps(ρ′) ⊆ ps(ρ).

The following theorem states that if two sets of ground G-o-literals against which the
satisfaction of conditions is checked coincide on predicates from conditions, conditioned
literals are expanded in the same way.

Theorem 4.14. Let l be a safe G-conditioned objective or comparison literal ground w.r.t. HG
ip ,

such that C(l) is safe and all G-variables from vars(l) are bound by some G-condition in C(l).
Let B1 and B2 be two sets of ground G-o-literals with B1|ps(C(l)) = B2|ps(C(l)), and E a set of
G-elements. Then ExpC (ρ,B1, E) = ExpC (ρ,B2, E).

Proof. Let PO =
⋃
c∈o-lits(C(l)) ps(c). As PO ⊆ ps(C(l)), we have B1|PO = B2|PO. Then

the claim follows from Theorem 4.12.
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4.10 Global Substitutions

Now that we know how to expand conditions that may occur within aggregate assign-
ments, we can define global substitutions that substitute all global variables. This con-
cludes the third phase of grounding that acts on safe G-rules ground w.r.t. HG

prep ∪ HG
ip

and results in rules with no global variables.

Definition 4.15. Let L be a sequence of safe G-body literals ground w.r.t. HG
ip and let L′

be ordering of L w.r.t. variable dependency. Let B be a set of ground G-o-literals and E a
set of G-elements, then subsg(L

′, B,E) is defined as follows:

• subsg(〈〉, B,E) = {∅},

• subsg(L · 〈l〉, B,E) fails, if subsg(L,B,E) fails, or if subg(l, B,E, θ) fails for some
θ ∈ subsg(L,B,E),

• subsg(L · 〈l〉, B,E) = {θ ∪ θ′ | θ ∈ subsg(L,B,E), θ′ ∈ subg(l, B,E, θ)},
(Note that if subg(l, B,E, θ) = ∅ or subsg(L,B,E) = ∅, then subsg(L · 〈l〉, B,E) = ∅.)

where

• subg(a,B,E, θ) = {∅}, when a is a G-aggregate assignment with args(θ(a)) = 〈l〉
and l is not a G-variable,

• subg(a,B,E, θ), fails if θ(a) = l:=r is a G-aggregate assignment, l is a G-term, r is a
G-assignable aggregate, and Eval({〈ExpC (r,B,E)〉}, E) fails,
(Note that varsg(r) = ∅ if L′ is ordering of L w.r.t. variable dependency.)

• subg(a,B,E, θ) = Θ′, when θ(a) = l:=r is a G-aggregate assignment, l is a G-
variable, r is a G-assignable aggregate, Eval({〈ExpC (r,B,E)〉}, E) = {〈r′〉}, and
Θ′ = {〈l, f(W(r′, I))〉 | I ⊆ D(r′), f(·) = AF(r′)},

• subg(x,B,E, θ) = subl(x,B,E, θ), otherwise.

Definition 4.16. Let ρ be a safe G-rule ground w.r.t. HG
ip and let L′ be ordering of B(ρ)

w.r.t. variable dependency. LetB be a set of ground G-o-literals andE a set of G-elements.
Then Subs(ρ,B,E) = subg(L

′, B,E) is the set of global substitutions, unless subg(L′, B,E)

fails, in which case also Subs(ρ,B,E) fails.

For a safe rule ρ ground w.r.t. HG
ip , each substitution Subs(ρ,B,E) produces substi-

tutes all the global variables in ρ for ground terms. This follows from the fact that, while
ρ is safe, all global variables in ρ must be bound by some body literal and the substitu-
tions are obtained from these bindings.

Theorem 4.15. Let ρ be a safe G-rule ground w.r.t. HG
ip , B a set of ground G-o-literals and E a

set of G-elements. Then, if Subs(ρ,B,E) does not fail, it is a set of ground substitutions defined
over all global variables in ρ.
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Proof. Assume Subs(ρ,B,E) does not fail. Let L′ be ordering of B(ρ) w.r.t. variable de-
pendency. As each variable in L′ is bound by some G-body literal in it, we need to show
that for each θ ∈ subsg(L

′, B,E) it holds that it contains at least one mapping for each
variable bound by some G-body literal in L′, each mapping it contains maps to a variable-
free term and it does not contain two mappings for any variable. The proof is by induc-
tion on L′.

• The basic case: For L′ = 〈〉 we have subsg(L
′, B,E) = {∅}, so the claim holds

trivially.

• Induction hypothesis (IH): Let L′ = L′′ · 〈b〉. For each θ′ ∈ subsg(L
′′, B,E) it holds

that it contains at least one mapping for each variable bound by some G-body literal
in L′′, each mapping it contains maps to a variable-free term and it does not contain
two mappings for any variable.

• The step case: While subsg(L
′, B,E) does not fail, nor subsg(L

′′, B,E) fail, nor
subg(b, B,E, θ

′) fails for any θ′ ∈ subsg(L
′′, B,E).

We need to show that the claim holds for each θ = θ′ ∪ θ′′ with θ′ ∈ subsg(L
′′, B,E)

and θ′′ ∈ subg(b, B,E, θ
′). From IH it follows that θ contains at least one mapping

for each variable bound by some G-body literal in L′′, if it contains a mapping that
maps to a term that contains some variables, this mapping is in θ′′, and if θ contains
two mappings for some variable, this variable is mapped by θ′′. So we need to show
that

(1) if b binds some variable not mapped by θ′, there is a mapping for it in θ′′,

(2) there is no mapping in θ′′ that maps to a term that contains some variables, and

(3) if there is mapping for some variable in θ′, there is no mapping for it in θ′′.

• If subg(b, B,E, θ′) = ∅, then the claim holds trivially.

• The proof of (1): Let X be arbitrary fixed variable bind by b and not mapped by θ′.

– If b is a G-aggregate assignment, from the premises it follows that args(θ′(b)) =

〈X〉, so each θ′′ ∈ subl(b, B,E, θ
′) contains mapping of X .

– If b is any other G-body literal, The claim follows from Theorem 4.10.

• The proof of (2):

– If b is a G-aggregate assignment, then either θ′′ = ∅, in which case the claim
holds trivially, or each θ′′ ∈ subl(b, B,E, θ

′) maps to G-numeric constants,
which contain no G-variables.

– If b is any other G-body literal, The claim follows from Theorem 4.10.

• The proof of (3): Let X be arbitrary fixed variable mapped by θ′.
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– If b is a G-aggregate assignment, from the premises it follows that args(θ′(b)) 6=
〈X〉, so there is no mapping for X in any θ′′ ∈ subl(b, B,E, θ

′).

– If b is any other G-body literal, the proof is analogous to the one of Theo-
rem 4.10.

Moreover, Subs(ρ,B,E) results in all substitutions that may produce rule active un-
der some answer set. As mentioned before, we call them satisfying substitutions. This is
achieved if B is superset of all possible answer sets. Substitution of variables in o-literals
are chosen so that they would produce ground o-literals fromB, and variables in unifica-
tion or range literals and on the left hand side of aggregate assignments are substituted so
that these elements are satisfied. If there is a satisfying substitution for ρ, it must satisfy
each of the aforementioned elements, thus it is produced by Subs(ρ,B,E).

Theorem 4.16. Let L be a sequence of safe G-body literals ground w.r.t. HG
ip and let L′ be ordering

of L w.r.t. variable dependency. Let B be a set of ground G-o-literals and E a set of G-elements.
Then, if there is a satisfying substitution ϑ for Lw.r.t.B andE, then there is θ ∈ subsg(L

′, B,E)

with θ ⊆ ϑ.

Proof. The proof is by induction on L′:

• The basic case: If L′ = 〈〉, then subsg(〈〉, B,E) = {∅}, and ∅ ⊆ ϑ for any ϑ.

• Induction hypothesis (IH): Let L′ = L′′ · 〈b〉. If there is ϑ satisfying for L′′ w.r.t. B
and E, then there is θ ∈ subsg(L

′′, B,E) with θ ⊆ ϑ.

• The step case: Assume there is ϑ′ satisfying for L w.r.t. B and E. By Lemma 4.9 it
is satisfying also for L′′ w.r.t. B and E, so by IH there is θ′ ∈ subsg(L

′′, B,E) with
θ′ ⊆ ϑ′. Now it is sufficient to show that there is some θ′′ ∈ subg(b, B,E, θ

′) such
that θ′′ ⊆ ϑ′.

• If b is a G-aggregate assignment:

– Let b = l:=r where l is a G-term and r is a G-assignable aggregate. Let AF(r) =

f(·).

– If θ′(l) is not a G-variable, then subg(b, B,E, θ
′) = {∅}, so θ′ ∈ subs l(L

′, B,E).
Assume l is a G-variable.

– While L′ is an ordering w.r.t. variable dependency, all global variables in r are
bound in L′′ and, by Theorem 4.10, θ′ maps all these variables.

– Let r′ be a G-assignable aggregate such that Eval({〈ExpC (θ′(r), B,E)〉}, E) =

{〈r′〉}.

– As ϑ′ is satisfying forLw.r.t.B andE, and by Definition 4.7, ϑ′(l) = f(W(a, I))

for some I ∈ D(a).

– From this and θ′ ⊆ ϑ′ follows that there is θ′′ ∈ subg(b, B,E, θ
′) such that

θ′′ ⊆ ϑ′.
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• If b is any other G-body literal, the proof is analogous to the one of Theorem 4.11.

Due to construction of the substitutions, if two sets of ground G-o-literals B1 and B2

agree on G-o-literals produced from G-o-literals from the body of the rule by applying
some substitution obtained using B1, then the substitution is obtained using also B2.
This holds, while all the substitutions are actually generated only by matching o-literals
from the rule body to the ground o-literals in the sets B1 resp. B2. Substitution mappings
generated by other variable binding elements deterministically depend on these matches.

Theorem 4.17. Let ρ be a safe G-rule ground w.r.t. HG
ip , B1 a set of ground G-o-literals and E

a set of G-elements. Let θ ∈ Subs(ρ,B1, E), let O = eval(o-lits(B(θ(ρ))), E) and let C be
G-predicate symbols in all conditions within ρ. Let B2 be a set of ground G-o-literals such that
B1|C = B2|C . Then θ ∈ Subs(ρ,B2, E) whenever O ⊆ B1 and O ⊆ B2.

Proof. AssumeO ⊆ B1 andO ⊆ B2. LetL′ be ordering of B(ρ) w.r.t. variable dependency.
Then θ ∈ subsg(L

′, B1, E). We need to prove that θ ∈ subsg(L
′, B2, E). The proof is by

induction on L′.

• The basic case: If L′ = 〈〉, then subsg(L
′, B1, E) = {∅}, so θ = ∅. It also holds that

subsg(L
′, B2, E) = {∅}, so θ ∈ subsg(L

′, B2, E).

• Induction hypothesis (IH): Let L′ = L′′ · 〈b〉 and θ′ ∈ subsg(L
′′, B1, E). Then θ′ ∈

subsg(L
′′, B2, E).

• The step case: Let θ = θ′ ∪ θ′′ where θ′′ ∈ subg(b, B1, E, θ
′). While IH holds, it

suffices to prove that θ′′ ∈ subg(b, B2, E, θ
′).

• If b is a G-aggregate assignment:

– Let b = l:=r where l is a G-term and r is a G-assignable aggregate.

– While L′ is an ordering w.r.t. variable dependency, all variables in r are bound
in L′′ and, by Theorem 4.10, θ′ maps all these variables.

– If Eval({〈ExpC (θ′(r), B1, E)〉}, E) fails, then subg(b, B1, E, θ
′) fails, which is a

contradiction with the premises.

– If θ′(l) is not a G-variable, then θ′′ = ∅ and subg(b, B2, E, θ
′) = {∅}, thus θ′′ ∈

subg(b, B2, E, θ
′)

– Let r′ be a G-assignable aggregate such that Eval({〈ExpC (θ′(r), B1, E)〉}, E) =

{〈r′〉}.

– By Theorem 4.14 it holds that Eval({〈ExpC (θ′(r), B2, E)〉}, E) = {〈r′〉}, as
B1|C = B2|C .

– Let θ′′ ∈ {〈l, f(W(r′, I))〉 | I ⊆ D(r′)} where f(·) = AF(r′). Then θ′′ ∈
subg(b, B1, E, θ

′) and also θ′′ ∈ subg(b, B2, E, θ
′).

• If b is any other G-body literal, the proof is analogous to the one of Theorem 4.12.
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4.11 The real world ASP language of Gringo

In this section, we define concrete objects that build up the real-world ASP language of
Gringo . The Gringo syntactic configuration is already defined in Section 4.1. The func-
tions DPG(·) and SPG(·) that will be used in the real-world ASP language of Gringo are
defined in Subsection 4.1.1. The Gringo non-ground symbols that are needed for Gringo
semantic configuration are defined in Section 4.2. Later we summarize the restrictions on
valid Gringo programs, and define the translation function into abstract-constraint rules.
But first, we encapsulate the whole grounding process into two functions prepG(·) and
grG(·, ·, ·). The former performs the first phase of the process by collecting meta-data
needed for per-rule grounding and producing the set of all rules from a program. The
latter grounds separate rules using the meta-data by performing the rest of the ground-
ing phases. We also explain how the meta-data are collected and, finally, define the real-
world ASP language of Gringo.

First, we define the grounding function.

Definition 4.17. Let ρ be a G-rule such that ExpIP(ρ) is safe, let B be a set of ground
G-o-literals and E a set of G-elements. Further, let

• Πip = ExpIP(ρ),

• Πgs = {θ(ρ′) | ρ′ ∈ Πip, θ ∈ Subs(ρ′, B,E)},

• Πc = {ExpC (ρ′, B,E) | ρ′ ∈ Πgs}, and

• P = Eval(Πc, E).

Then grG(ρ,B,E) fails iff Subs(ρ′, B,E) fails for some ρ′ ∈ Πip, or ExpC (ρ′, B,E) fails for
some ρ′ ∈ Πgs, or Eval(Πc, E) fails. Otherwise, grG(ρ,B,E) = P .

The following proposition states that the grounding function is well-defined.

Proposition 4.18. Let ρ be a G-rule such that ExpIP(ρ) is safe, let B be a set of ground G-o-
literals and E a set of G-elements. Further, let

• Πip = ExpIP(ρ),

• Πgs = {θ(ρ′) | ρ′ ∈ Πip, θ ∈ Subs(ρ′, B,E)},

• Πc = {ExpC (ρ′, B,E) | ρ′ ∈ Πgs}, and

• P = Eval(Πc, E),

such that Subs(ρ′, B,E) fails for no ρ′ ∈ Πip, ExpC (ρ′, B,E) fails for no ρ′ ∈ Πgs and
Eval(Πc, E) does not fail. Then

(i) Πip is ground w.r.t. HG
prep ∪HG

ip ,
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(ii) Πgs is ground w.r.t. HG
prep ∪HG

ip and contains no global variables,

(iii) Πc is ground w.r.t. HG
prep ∪HG

ip ∪HG
s ∪HG

c ,

(iv) P is ground w.r.t. HG, and

(v) Πgs is safe.

Proof. Πip, Πgs, Πc and P are all ground w.r.t. HG
prep, while they contain no G-statements.

Therefore, Condition (i) follows from Theorem 4.7, Condition (ii) follows from The-
orem 4.15, Condition (iii) follows from Proposition 4.13, Condition (iv) follows from
Proposition 4.2, Condition (v) holds, while Πip is safe.

The other propositions are needed to prove that the real-world ASP language of
Gringo satisfies all the conditions of Definition 3.14. The following one states that the
grounding function preserves predicates.

Proposition 4.19. Let ρ be a G-rule such that ExpIP(ρ) is safe, let B be a set of ground G-o-
literals andE a set of G-elements. Then for every r ∈ grG(ρ,B,E) it holds that DP(r) ⊆ DP(ρ),
SP(r) ⊆ SP(ρ) and ps(r) ⊆ ps(ρ).

Proof. There must be some ρip, ρgs and ρc such that

• ρip ∈ ExpIP(ρ),

• ρgs = θ(ρip) for some θ ∈ Subs(ρip, B1, E),

• ρc = ExpC (ρgs, B1, E), and

• r ∈ Eval({ρc}, E).

DP(ρip) ⊆ DP(ρ), SP(ρip) ⊆ SP(ρ) and ps(ρip) ⊆ ps(ρ) follows from Theorem 4.7.
DP(ρgs) ⊆ DP(ρip), SP(ρgs) ⊆ SP(ρip) and ps(ρgs) ⊆ ps(ρip) is obvious. DP(ρc) ⊆
DP(ρgs), SP(ρc) ⊆ SP(ρgs) and ps(ρc) ⊆ ps(ρgs) follows from Proposition 4.13. DP(r) ⊆
DP(ρc), SP(r) ⊆ SP(ρc) and ps(r) ⊆ ps(ρc) follows from Proposition 4.4.

The grounding function is idempotent.

Proposition 4.20. Let r be a ground G-rule, B a set of ground G-o-literals and E a set of G-
elements. Then grG(r,B,E) = {r}.

Proof. ExpIP(r) = {r} holds by Proposition 4.8. As r contains no variables, θ(r) = r for
any θ. As r contains no G-conditioned objective or comparison literals, ExpC (r,B,E) = r.
Eval({r}, E) = {r} holds by Proposition 4.5.

Next, we show how ground rules are translated to c-rules. In order to do this, we first
need to define the propositional semantics over which are the c-rules defined.
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Definition 4.18. The Gringo propositional signature is the triple σpG = 〈σ+, σ−, compl(·)〉
of a set σ+ of all positive G-o-literals ground with respect to HG, a set σ− of all negative
G-o-literals ground with respect to HG and compl(l) = -l.

Proposition 4.21. σpG is a propositional signature.

Proof. σ+ and σ− are disjoint and countable, and compl(·) is a bijection from σ+ to σ−.

Definition 4.19. The function cG(ρ) maps ground G-rules to c-rules over σpG as follows:

• cG(ρ) = cG(h1)| . . . |cG(hm)← cG(b1), . . . , cG(bn)., where ρ is a ground G-rule with
H(ρ) = 〈h1, . . . , hm〉 and B(ρ) = 〈b1, . . . , bn〉,

• cG(l) = not cG(l′), where l = not l′ is a G-body literal and l′ is a G-body literal,

• cG(l) = 〈l, {l}〉, where l is a G-o-literal,

• cG(a) = 〈D(a), C〉, where a is a G-even aggregate and
C = {I | I ⊆ D(a), f(W(a, I)) mod 2 = 0},

• cG(a) = 〈D(a), C〉, where a is a G-odd aggregate and
C = {I | I ⊆ D(a), f(W(a, I)) mod 2 = 1},

• cG(a) = 〈D(a), C〉, where a is any other kind of G-aggregate atom with args(a) =

〈t1, t2〉 and f(·) = AF(a), and C = {I | I ⊆ D(a), t1 � f(W(a, I)) � t2},

Now we explain how the meta-data are collected during the preprocessing phase
and the restrictions on valid Gringo programs. If a Gringo program is not valid, the
preprocessing phase is not well-defined or it will fail. The preprocessing should evaluate
all G-const statements that are order dependent in order to obtain a set of all rules from
the program and collect all the G-lua definitions needed for evaluation of interpreted
terms. Then it should collect all the ground G-o-literals that may occur in some answer
set. In order to do this, the program must be first stratify according to what we call
Gringo stratification. The strata are processed in their order by grounding their rules with
the set of ground G-o-literals B that is initially empty and adding the ground G-o-literals
from the heads of the obtained instances to B. While the rules have only one o-literal in
their heads and if the stratification is with respect to negation, this process resembles the
stable models and immediate consequence operator from [AB94]. Gringo programs do
not generally admit stratification w.r.t. negation, however, there is a part of each program
that does. We call this part deterministic fragment. The Gringo stratification ensures that
first k strata form such deterministic fragment and G-o-literals of all G-predicate symbols
occurring in G-conditions in the program may be derived only by rules in this fragment.
In this way, a truth value of all G-conditions is determined during grounding. The Gringo
stratification stratifies also with respect to aggregates in order to fit the definition of real-
world ASP language.
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Definition 4.20. Let Π be a set of G-rules. A partitioning 〈Π1, . . .,Πk,Πk+1, . . .,Πn〉 of Π,
such that Π =

⋃n
i=1 Πi and Πi ∩ Πj = ∅ for any 1 ≤ i, j ≤ n, is a Gringo stratification of Π

if the following conditions are satisfied:

(i) general dependency: If ρ ∈ Πi with p ∈ ps(ρ), such that if DPG(ρ) 6= ∅ then p 6= q

for some q ∈ DPG(ρ), then there is no ρ′ ∈ Πj with p ∈ DPG(ρ′) and i < j.

(ii) aggregates and conditions: If ρ ∈ Πi with p ∈ SPG(ρ), then there is no ρ′ ∈ Πj with
p ∈ DPG(ρ′) and i ≤ j.

(iii) negation in the deterministic fragment: If ρ ∈ Πi with i ≤ k and p ∈ ps(ρ) occurs in
some defaultly negated G-body literal of ρ, then there is no ρ′ ∈ Πj with p ∈ DPG(ρ′)

and i ≤ j.

(iv) no head aggregates nor disjunction in the deterministic fragment: There is no
ρ ∈

⋃k
i=1 Πi with G-aggregate atom or G-conditioned literal or more than one G-

head literal in H(ρ).

(v) the deterministic fragment depends only on itself: For each ρ ∈
⋃k
i=1 Πi with

p ∈ ps(ρ) there is no ρ′ ∈ Πj with p ∈ DPG(ρ′) and k < j.

(vi) conditions depend only on the deterministic fragment: There is no ρ ∈ Πi with
p ∈ DPG(ρ) and k < i, such that p occurs in some G-condition from Π.

Moreover, Π admits Gringo stratification iff there exists a Gringo stratification of Π. And
a G-program ΠG admits Gringo stratification iff the set of all G-rules in ΠG admits Gringo
stratification.

Note that if Π admits Gringo stratification, then it automatically admits stratification
w.r.t. DPG(·) and SPG(·), while the two first conditions are the conditions from Defini-
tion 3.11.

The collection of all ground G-o-literals that may be derived is done by two functions
resembling immediate consequence operator. However, only the first one is checking
rule activation by the set it is collecting. This is because, while all ground G-o-literals
from heads of instances are always added to the set, after a non-deterministic part of the
program is processed, there may be a rule that is active under some answer set, but not
under the collected set. For instance, this happens when the rule contains in its body a
defaultly negated o-literal that occurs also in some disjunctive fact, so some answer set
activates the rule but other does not.

Let ρ be a G-rule such that ExpIP(ρ) is safe, let B be a set of ground G-o-literals and E
a set of G-elements. Then Tρ,E(B) and >ρ,E(B) fails iff grG(ρ,B,E) fails, otherwise

Tρ,E(B) = {l | r ∈ grG(ρ,B,E), B |= B(c(r)), l ∈ DH(c(r))} and
>ρ,E(B) = {l | r ∈ grG(ρ,B,E), l ∈ DH(c(r))}.
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Moreover, if Π is a set of G-rules such that ExpIP(Π) is safe and Γ ∈ {T ,>}, then ΓΠ,E(B)

fails iff Γρ,E(B) fails for some ρ ∈ Π, otherwise ΓΠ,E(B) =
⋃
ρ∈Π Γρ,E(B). Furthermore,

Γ0
Π,E(B) = B and ΓiΠ,E(B) fails iff Γi−1

Π,E(B) or ΓΠ,E(Γi−1
Π,E(B)) fails, otherwise ΓiΠ,E(B) =

ΓΠ,E(Γi−1
Π,E(B)) for 0 < i. Finally, Γ∗Π,E(B) fails iff ΓiΠ,E(B) fails for some i ∈ N ∪ {0},

otherwise Γ∗Π,E(B) =
⋃
i∈N∪{0} ΓiΠ,E(B).

Definition 4.21. Let Π be a set of G-rules such that ExpIP(Π) is safe, let E be a set
of G-elements, and let 〈Π1, . . . ,Πk,Πk+1, . . . ,Πn〉 be a Gringo stratification of Π. Then
AB(Π, E) = Bn is the active base of Π w.r.t. E, where B0 = ∅, Bi = T ∗Πi,E

(Bi−1) for
1 ≤ i ≤ k and Bi = >∗Πi,S

(Bi−1) for k < i ≤ n, provided that T ∗Πi,E
(Bi−1) fails for no

1 ≤ i ≤ k and >∗Πi,S
(Bi−1) fails for no k < i ≤ n.

Let ΠG be a G-program, then prepGc (ΠG) is the set of G-rules obtained from ΠG by
applying all G-const statements in ΠG as described in [GKKOST].

A Gringo program can be grounded (we say that it is valid) if and only if it admits
Gringo stratification, it is safe, and it passes the term type check, which is when collecting
of active base does not fail.

Definition 4.22. Let ΠG be a G-program with Π = prepGc (ΠG). Then stratG(·) is the ad-
ditional restriction to G, such that stratG(ΠG) holds iff Π admits Gringo stratification.
Let Πip =

⋃
ρ∈Π ExpIP(ρ). Then safeG(·) is the additional restriction to G, such that

safeG(ΠG) holds iff Πip is safe. Moreover, let E be the set of all G-lua definitions from
ΠG . Then typecheckG(·) is the additional restriction to G, such that typecheckG(ΠG) holds
iff AB(Π, E) does not fail. Finally, ARG is the set

{
stratG(·), safeG(·), typecheckG(·)

}
.

The preprocessing function is defined as follows.

Definition 4.23. Let ΠG be a G-program that satisfies all the restrictions in ARG, let Π =

prepGc (ΠG), and let E be the set of all G-lua definitions from ΠG . Then prepG(ΠG) =

〈Π,AB(Π, E), E〉.

Note that a set of G-rules Π is automatically ground w.r.t. HG
prep, while it contains no

G-statements.
The following proposition states that a ground rule is always valid.

Proposition 4.22. Let r be a ground G-rule. Then there is a G-program ΠG that satisfies all the
restrictions in ARG, such that prepG(ΠG) = 〈Π, B,E〉 and r ∈ Π.

Proof. Consider ΠG that is composed of r and all G-o-literals from r as facts. Then Π =

prepGc (ΠG) admits Gringo stratification, while only one G-rule in it is not a fact, Πip =⋃
ρ∈Π ExpIP(ρ) is safe, while it contains no G-variables, and AB(Π, E) does not fail, while

there are no interpreted elements and no G-variables in Π.

Finally, with all this defined, we may proceed to the Gringo semantic configuration
and the actual definition of the real-world ASP language of Gringo.
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Definition 4.24. The Gringo semantic configuration is the tuple SG = 〈HG, σpG, cG(·)〉.

Proposition 4.23. The Gringo semantic configuration is a semantic configuration for G.

Proof. HG, σpG and cG(·) satisfy all the conditions of Definition 3.13.

Definition 4.25. The Gringo language is the tuple

LG = 〈G,DPG(·),SPG(·),ARG,SG, prepG(·), grG(·, ·, ·)〉.

In order to show that LG is indeed a real-world ASP language, we need to confirm
that all the conditions of Definition 3.14 are satisfied. The following theorems will help
us do so. The first one states that Condition (v) is satisfied.

Theorem 4.24. Let ρ be a G-rule such that ExpIP(ρ) is safe, let E be a set of G-elements, let B1

and B2 be sets of ground G-o-literals with B1|SPG(ρ) = B2|SPG(ρ) such that grG(ρ,B1, E) nor
grG(ρ,B2, E) fails. Then grG(ρ,B1, E) ⊆ grG(ρ,B2, E) whenever B1 ⊆ B2.

Proof. Assume B1 ⊆ B2. We need to prove that if r ∈ grG(ρ,B1, E), then also r ∈
grG(ρ,B2, E). Assume that there is some r ∈ grG(ρ,B1, E).

• Then there are some ρip, θ, ρgs and ρc such that

– ρip ∈ ExpIP(ρ),

– θ ∈ Subs(ρip, B1, E),

– ρgs = θ(ρip),

– ρc = ExpC (ρgs, B1, E), and

– r ∈ Eval({ρc}, E).

• As B1 ⊆ B2, we have by Theorem 4.17 that θ ∈ Subs(ρip, B2, E).

• As B1|GSP (ρ) = B2|GSP (ρ), by Theorem 4.14 it holds that ρc = ExpC (ρgs, B2, E).

• Thus by Definition 4.17 we have r ∈ grG(ρ,B2, E).

The next theorem states that Condition (vi) of Definition 3.14 is satisfied.

Theorem 4.25. Let ρ be a G-rule such that ExpIP(ρ) is safe, let E be a set of G-elements,
let B be a set of ground G-o-literals such that grG(ρ,B,E) does not fail, and let I be a SG-
interpretation such that grG(ρ, I, E) does not fail and such that I ⊆ B and B|GSP (ρ) = I|GSP (ρ).
Then grG(ρ,B,E)

I ⊆ grG(ρ, I, E).

Proof. We need to prove that if r ∈ grG(ρ,B,E)
I , then also r ∈ grG(ρ, I, E). Assume that

there is some r ∈ grG(ρ,B,E)
I .

• Then there are some ρip, θ, ρgs and ρc such that

– ρip ∈ ExpIP(ρ),
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– θ ∈ Subs(ρip, B,E),

– ρgs = θ(ρip),

– ρc = ExpC (ρgs, B,E), and

– r ∈ Eval({ρc}, E).

• From I |= B(r) we have that o-lits(B(r)) ⊆ I . And from I ⊆ B it follows that
o-lits(B(r)) ⊆ B. Thus by Theorem 4.17 it holds that θ ∈ Subs(ρip, I, E).

• As B|GSP (ρ) = I|GSP (ρ), by Theorem 4.14 it holds that ρc = ExpC (ρgs, I, E).

• Thus by Definition 4.17 we have r ∈ grG(ρ, I, E).

In the following two proofs, we use induction over literal dependency graph. Vertices in
a literal dependency graph of a set of ground G-rules Π are G-o-literals from Π and there
is one edge from G-o-literal b to G-o-literal h wherever there is a G-rule in Π with b within
its body and h within its head. Such a graph generally contains loops. This is, however,
not a problem for the induction in case of G-o-literals that belong to some answer-set of
Π, because they must be externally supported, which is a mechanism for breaking loops.
The induction would start from G-o-literals in heads of facts. The induction step would
be: if a claim holds for all G-o-literals in the body of some G-rule, then it holds for all
G-o-literals in its head. Even if some G-o-literal l is in a loop of the literal dependency
graph, while l is also in some answer-set of Π, the induction will reach it via the external
support for the loop.

Theorem 4.26. Let ΠG be a LG-valid G-program with prepG(ΠG) = 〈Π, B,E〉 and let 〈Π1,

. . .,Πk,Πk+1, . . .,Πn〉 be a Gringo stratification of Π. Let B0 = ∅ and Bi = T ∗Πi,E
(Bi−1) for

1 ≤ i ≤ k. Then for every I ∈ AS (ΠG) it holds that I|ps(Bk) = B|ps(Bk).

Proof. Let Πk =
⋃k
i=1 Πi and P k = grG(Πk, B,E). As G-rules from Πk contain only single

G-o-literals in their heads, 〈Π1, . . . ,Πk〉 is a stratification of Πk according to negation and
aggregates, and TΠ′,E(·) is an immediate consequence operator for Π′, it can be proven
that Bk ∈ AS (P k) and that Bk ⊆ I by following the same methods as in [AB94].

We need to show that if l ∈ I|ps(Bk) then l ∈ B|ps(Bk) and if l ∈ B|ps(Bk) then l ∈
I|ps(Bk). The proof is by induction on the literal dependency graph of P k.

• The basic case: Assume l ∈ I|ps(Bk). As Bk ⊆ I , there must be some r ∈ P k that
is an external support for {l} w.r.t. Bk. This means that l occurs in the head of r.
For the basic case let r have empty body. Thus, by construction of AB(Π, E) and
Definition 4.23 we have l ∈ B|ps(Bk).

Assume l ∈ B|ps(Bk). Then, by construction of AB(Π, E) and Definition 4.23, there
is some r ∈ grG(Π, B,E) with l occurs in its head. While ps(l) ⊆ ps(Bk), from
Definition 4.20 it follows that ρ ∈ Πk with r ∈ grG(ρ,B,R) and hence r ∈ P k. For
the basic case let r have empty body. From Definition 4.20 it also follows that l is
the only head element of r, thus l ∈ I|ps(Bk).
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• Induction hypothesis (IH): The claim holds for every G-o-literal from the body of
r ∈ P k that is an external support for {l}w.r.t. Bk.

• The step case: Assume l ∈ I|ps(Bk). As Bk ⊆ I , there must be some r ∈ P k that is an
external support for {l}w.r.t. Bk. This means that l occurs in the head of r and that
I |= B(r). By IH we have that also B |= B(r). Thus, by construction of AB(Π, E)

and Definition 4.23 we have l ∈ B|ps(Bk).

Assume l ∈ B|ps(Bk). Then, by construction of AB(Π, E) and Definition 4.23, there
is some r ∈ grG(Π, B,E) with l occurs in its head. While ps(l) ⊆ ps(Bk), from
Definition 4.20 it follows that ρ ∈ Πk with r ∈ grG(ρ,B,R) and hence r ∈ P k. Due
to the construction of AB(Π, E) we have that B |= B(r). By IH we have that also
I |= B(r). From Definition 4.20 it also follows that l is the only head element of r,
thus l ∈ I|ps(Bk).

Now, we show that an active base of a program is a superset of each its answer set.

Theorem 4.27. Let ΠG be a LG-valid G-program with prepG(ΠG) = 〈Π, B,E〉. Then for every
I ∈ AS (ΠG) it holds that I ⊆ B.

Proof. We need to prove that if there is some l ∈ I , then also l ∈ B. The proof is by
induction on the literal dependency graph of P = grLG (ΠG).

Assume there is some l ∈ I . Then there must be some r ∈ P that is an external
support for {l}w.r.t. I . This means that l occurs in the head of r.

• The basic case: If r has empty body, then l ∈ B by the construction of AB(Π, E) and
Definition 4.23.

• Induction hypothesis (IH): The claim holds for every G-o-literal from the body of r.

• The step case: Let 〈Π1, . . .,Πk,Πk+1, . . .,Πn〉 be a Gringo stratification of Π, let Πk =⋃k
i=1 Πi and P k = grG(Πk, B,E). If r ∈ P k, by Theorem 4.26 and from I |= B(r)

we have B |= B(r). Thus, by construction of AB(Π, E) and Definition 4.23 we
have l ∈ B. If r /∈ P k, we have l ∈ B directly by construction of AB(Π, E) and
Definition 4.23.

Finally, having all the aforementioned theorems at hand, we can state that the lan-
guage of Gringo is really a real-world ASP language.

Theorem 4.28. The Gringo language is a real-world ASP language.

Proof. The following is a summary of why is which condition of Definition 3.14 satisfied.

• G is defined in Definition 4.2 and by Proposition 4.1 it is basic.

• DPG(·) and SPG(·) are defined in Definition 4.3.

• ARG is defined in Definition 4.22.
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• SG is defined in Definition 4.24 and by Proposition 4.23 it is a semantic configuration
for G.

• prepG(·) is defined in Definition 4.23, from which it is easy to see that, for a LG-
valid G-program ΠG with prepG(ΠG) = 〈Π, B,E〉, Π is a set of G-rules, B is a set of
SG-ground G-o-literals and E is a set of G-elements.

• grG(·, ·, ·) is defined in Definition 4.17. If ρ is a G-rule from LG-valid G-program
ΠG with prepG(ΠG) = 〈ρ,B,E〉 and ρ ∈ Π, then ExpIP(ρ) is safe, and grG(ρ,B,E)

does not fail, while AB(Π, E) does not fail even though grG(ρ,B,E) is part of its
evaluation.

Moreover, we have

(i) by Definition 4.3,

(ii) by Definition 4.22 and Definition 4.20,

(iii) by Proposition 4.22 and Proposition 4.20,

(iv) by Definition 4.3 and by Proposition 4.19,

(v) by Theorem 4.24,

(vi) by Theorem 4.25, and

(vii) by Theorem 4.27.

4.12 Differences with the actual Gringo

There is a number of small differences between the version of Gringo we present in this
thesis and the actual input language of the grounder gringo-3. Some of them are features
that are not important for Stepping. These are mainly optimization statements, but also
comments and other statements. The optimization statements cause selection of answer
sets that contain maximal or minimal number of specified o-literals. This is no concern
for the stepping framework, because, during the process of stepping, the user of the
framework chooses which answer set should be reached. He or she is free to satisfy any
optimization statements in the code, but the stepping framework does not force the user
to do so.

Other differences are result of simplifications. The formal description of Gringo we
present here is already very complex, so we omitted a few language features that would
make it much more complicated. These include anonymous variables that are simply re-
placed with fresh variables during preprocessing, assignment literals that work the same
as unification literals except they allow only variables on their left hand side, the oper-
ator ;; for argument pooling that works on argument lists, and tuples that are actually
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standard functions without function symbol. Moreover, Gringo actually allow aggregate
assignments to use also operator =.

The last set of differences are needed for the consistency of the theory. For instance, in
the actual input language of the grounder, aggregate assignments allow only variables on
their left hand side. So if such variable is substituted for a constant, the resulting string
is not a member of the input language of the grounder. We, however, need to work with
such strings, so we allow them in our version of Gringo. Other such differences are that
the actual input language of the grounder does not allow range literals and #infimum

and #supremum as bounds of aggregate atoms. The last difference is that we introduce
true literals that are also used to carry information internally needed for grounding.

78



5
Practical Stepping

5.1 SeaLion

The stepping framework was practically implemented as a part of SeaLion [BOPST13], an
integrated development environment (IDE) for answer-set programming. SeaLion is a
plug-in of the Eclipse platform [Ecl13] and offers typical functionality of IDEs like source
code editors, syntax highlighting, syntax checking, code completion, visual program out-
line, and refactoring for the input languages of the state-of-the-art solvers Clasp with the
grounder Gringo [GKS09; GKKS11] and DLV [LPFEGPS06].

Additionally to the basic IDE functionality, many features specific for development
of ASP were implemented in SeaLion. These include recognition of LANA (Language
for ANnotating Answer-set programs), an annotation language for structuring, docu-
menting, and testing answer-set programs [DKOPT12]. The documentation annotations
are used by the documentation generator ASPDoc integrated in SeaLion. LANA is also
used by SeaLion’s modelling framework that adopts techniques from model-driven engi-
neering [Sch06] for supporting the development of answer-set programs. Visualisation of
answer sets is provided by the Kara plug-in of SeaLion [KOPT11] that can create user-
defined graphical representations of interpretations. SeaLion is the first IDE for ASP that
features a debugging system for full solver languages, i.e., Stepping for real-world ASP
languages.

A key aspect in the design of SeaLion is extensibility. That is, the API framework is
tailored to support, on the one hand, further ASP languages with low effort and, on the
other hand, allows for embedding future features easily. The SeaLion implementation
follows itself a modular principle, where different features are Eclipse plug-ins them-
selves.
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SeaLion is free software published under the GNU General Public License version
3. There are two major options to install SeaLion. Users of Eclipse can obtain it from
SeaLion’s update site using Eclipse’s update mechanism with the benefit of automatic
updates. Alternatively, standalone packages of SeaLion for different operating systems
and architectures are provided, that only require a Java Runtime. For both installation
variants, SeaLion packages with pre-configured ASP solvers are provided. For more in-
formation on SeaLion, installation instructions, and links to the source code, visit the
project web site http://www.sealion.at.

5.2 Stepping in SeaLion

With the aim to follow SeaLion’s extensible design, Stepping is implemented as its plug-
in. Internally, the stepping plug-in is divided into its code and language dependent plug-
ins. The main plug-in is further divided into Stepping Controller, Computation Manager,
abstract-constraint semantics framework and user interface. Stepping Controller controls
the overall process of stepping and delegates specific tasks to other components. Com-
putation Manager stores the current computation, extends it by performing steps and
jumps and provides undo/redo functionality. The representation of computation used in
SeaLion is slightly different to the notion defined in this thesis, while a computation is
formally just a sequence of steps, but, within SeaLion, a computation is viewed as a tree
of user’s actions (steps or jumps). The tree structure allows for storing and navigating
the whole history of a stepping session. The abstract-constraint semantics framework is
responsible for checking satisfaction, activation and external support as defined in Sec-
tion 2.1. Language plug-ins deal with tasks that are dependent on particular real-world
ASP languages, as obtaining rule instances active under particular interpretation, check-
ing whether the computation follows the stratification w.r.t. aggregates, or translation to
c-rules.

5.2.1 Example of a Stepping Session

We now explain the realisation of stepping in SeaLion using the following example bor-
rowed from [BOPST13].

Example 5.1. Suppose user Leo writes a program in SeaLion that solves a Nurikabe puzzle
which is a grid of cells, some of which contain natural numbers.1 The goal is to colour
the cells such that

(i) each cell is either black or white,

(ii) cells with numbers are white,

(iii) there are no 2× 2 blocks of black cells,

1Similar puzzles can be found at http://www.puzzle-nurikabe.com/.
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(iv) all black cells are transitively connected, and

(v) each maximal group of white cells that are transitively connected must contain ex-
actly one cell with a number (this number must be the number of cells in the group),

where two cells are considered connected if they are of the same colour and share a bor-
der. An example of a puzzle instance, its solution and two wrong solutions, can be seen
in Figure 5.1.

(a) problem in-
stance

(b) correct solu-
tion

(c) wrong solu-
tion violating (iii)

(d) wrong solu-
tion violating (v)

Figure 5.1: Nurikabe examples

The input expected by Leo’s program consists of facts using predicates row/1 and
col/1 that enumerate row and column numbers and atoms of form number(c(Y,X),N),
indicating that the cell c(Y,X) contains number N. The program, whose full source code
can be seen in Appendix A, consists of three parts: a generate part that guesses the colour
for each cell, a define part specifying when two cells are orthogonal adjacent, and a check
part that has auxiliary definitions of reachability and cell groups, implementing Condi-
tions (ii)-(v) as constraints.

Generally, a bug is detected when, for a particular input of a program, actual output
differs from the intended output. For ASP, there may be two cases: (1) an intended an-
swer set is missing from the actual output, or (2) the actual output contains an unintended
answer set.

Example 5.2. When Leo runs the program from our running example for input

row(1..4). col(1..4). number(c(3,2),3). number(c(4,4),1).

(visualised in Figure 5.1(a)), he finds out that it has no answer set. This is not intended as
for this input there is a solution (shown in Figure 5.1(b)). This is a subcase of (1), where
all intended answer sets are missing.

In the case of missing intended answer sets, a reasonable debugging strategy is trying
to reach one of these intended answer sets with stepping. It will not be possible to reach
the answer set and the reason, i.e., the bug we are looking for, will become apparent as
we will see.
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Figure 5.2: SeaLion stepping perspective

5.2.2 First Steps

In order to start Stepping, SeaLion needs to know how the program is launched. Eclipse’s
launch configurations serve this purpose by specifying which files contain the program,
which solver should be invoked using what command-line arguments. Should SeaLion
compute answer sets of a program, a launch configuration for the program is launched
in run mode. However, stepping through the program is started by launching its launch
configuration in debug mode. Then the GUI of Eclipse switches to the SeaLion stepping
perspective as shown in Figure 5.2. The stepping perspective displays the source code of
the program in a source editor (Figure 5.2a) and the current state S of the stepping process
in the state view (Figure 5.2d). State S consists of the set PS of ground rules that have been
chosen in previous steps, the interpretation IS of atoms that have already been considered
true, the set I−S of atoms that have been considered false, and set ΥS of subsets of IS
that are unfounded in PS w.r.t. IS (which are not covered by this example). Rules with
instances that are active under IS are highlighted in the editor. Upon clicking on such
a rule, its active instances are displayed in the active instances view (Figure 5.2b). After
choosing one of the instances, it has to be decided in the truth assignment view (Figure 5.2c)
whether the literals in it are considered positive or negative and subsequently added
either to IS or I−S . Naturally, these two sets must stay disjoint throughout the whole
course of stepping. As stepping requires that a rule added in some step remains active
and satisfied under IS′ of the next state S′, this assignment is usually fixed for simple
rules. In such cases, SeaLion automatically assigns the literals and enables the “STEP”
button. Upon clicking the button, the next state is computed and displayed in the state
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view. Finally, the computation view (Figure 5.2e) shows all actions taken during stepping
in the form of a tree and allows for navigating between the states resulting from these
actions, i.e., one may return to a previous state and start a new branch in the tree from
there, while all the old branches remain intact.

Figure 5.3: Launching in debug mode

Example 5.3. In our running example, Leo starts stepping through his program by choos-
ing the launch configuration he created for computing the program’s answer sets, but
he uses the menu under the debug button instead of the launch button (Figure 5.3). Leo
chooses to step through the first input fact row(1..4). Facts are always active, and for
this one the ground instances row(1)., row(2)., row(3)., and row(4). are displayed in
the active instances view. Leo chooses the second one. Its truth assignment is determined
automatically, so after clicking the “STEP” button in the truth assignment view, the rule
is added to PS and its literal is added to IS which are displayed in the first two columns
of the state view. Adding row(2) to IS activates the rule

maxrow(Y) :- row(Y), not row(Y+1).

with its only active instance where Y = 2. After adding this instance, the state will contain
PS = {row(2)., maxrow(2) :- row(2), not row(3).}, IS = {row(2), maxrow(2)} and
I−S = {row(3)}. As IS and I−S must stay disjoint, it is impossible to add fact row(3).
to PS , which will always be an active instance of row(1..4). That means continuing
stepping from this state cannot reach any answer set of the program. Detecting such
cases will point to the bug later on, but this time Leo added the rule by mistake. He
retracts to the last state by double-clicking the previous node in the computation view.
Even though Leo did not detect the bug yet, this little detour gave him insight into why
maxrow(X) is derived only for X = 4.

5.2.3 Stratification

Most of the restrictions real-world ASP languages impose on their programs, like variable
safety, are not a problem for Stepping, while they are checked already by the grounder
of a particular language. Of course if the grounder returns syntactic error or reports
violation of some restriction, the stepping will not work properly. So the user should
always check the correctness of the program with the grounder before starting a stepping
session.
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The only language restriction that concerns Stepping is the stratification with respect
to aggregates and conditions. This is because, out of efficiency reasons, instances of a
selected rule active under a current interpretation are obtained from the grounding of
the rule with the current interpretation, rather than with the superset of all answer sets.
Condition (vi) of Definition 3.14 allows us to do so, provided that the computation fol-
lows a stratification w.r.t. aggregates and conditions. Due to Corollary 3.5, there always is
such a computation. SeaLion assists the user to choose these computation by displaying
a warning.

Example 5.4. If Leo tries to select the choice rule

{white(C) : cell(C)}.,

that is active, while it is a fact, SeaLion displays the warning shown in Figure 5.4. This is
because not all literals of predicate cell/1 were derived yet. So Leo first steps through
all rules deriving these literals.

Figure 5.4: Stratification warning

5.2.4 Jumping

Stepping through a lot of simple rules, like the ones in a define part, would be cumber-
some and time-consuming. SeaLion offers the jumping feature for such cases. It allows
to “jump” through a number of rules into a state that would be reached after stepping
through all these rules individually. The principle is that SeaLion simply composes a pro-
gram Π from a set of rules selected for jump Π′, the instances in the current state PS and IS
with I−S imposed as constraints. Then it computes an answer-set I ′ of Π. I ′ becomes IS′ of
the new state S′, rules from Π′ active under I ′ together with PS is PS′ , the complement of
IS′ w.r.t. the set of literals from PS′ is I−S′ and ΥS′ are all subsets of IS′ that are unfounded
in PS w.r.t. IS′ . Note that the answer-set I ′ SeaLion chooses while jumping is not under
user control (technically, it is the first answer set that is generated in a SeaLion’s internal
answer-set computation). Thus, if, for instance, guessing rules are chosen for jumping,
the outcome of the guess is not predictable for the user. If the user wants to determine
some of the guessed values, he or she can step through the corresponding instances of
the guessing rules before jumping.

Example 5.5. Leo would be bored by clicking the “STEP” button for each instance of the
rules in the define part. They have the same active instances in any answer set of the
program anyway. So he selects the text of all the facts of the input and clicks the “Add
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Figure 5.5: Jump view

Rules for Jump” button in the Jump view (see Figure 5.5). This adds the rules to the set
of rules selected for jump displayed in the jump view. Leo wants to jump through more
rules, so he adds also the following five rules.

cell(c(Y,X)) :- row(Y), col(X).

maxcol(X) :- col(X), not col(X+1).

. . .

Upon clicking the “Jump” button in the jump view, he gets to the state where all active
instances of these rules are in PS , the atoms they infer are in IS and the negated atoms in
these instances are added to I−S . As Leo wants to do even less clicking, he then selects all
the rules

adjacent(c(Y,X), c(Y-1,X)) :- cell(c(Y,X)), not minrow(Y).

. . .

inferring the adjacent/2 predicate in the editor and executes the “Direct Jump” command
located in the “Stepping” menu and in the toolbar and directly jumps through the selected
rules.

Figure 5.6: Truth Assignment view

If a rule selected for stepping contains aggregates or disjunction in its head, or it is a
choice rule, it has to be decided in the truth assignment view (shown in Figure 5.6) which
literals from the rule should be considered positive and which negative. The positive
ones will be added to IS and the negative ones to I−S after performing the step. The rule
must stay active under and it must be satisfied by IS after the new literals are added.

Example 5.6. Now Leo wants to add the literals of white/1 and black/1 that form the
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only correct solution (Figure 5.1b). So he starts with the choice rule in the generate part.

{white(C) : cell(C)}.

Note that this rule can be selected now, as the predicate cell/1 is already fully evaluated.
The rule has a single active instance with a choice atom containing 16 atoms of predicate
white/1. Leo has to decide which of these atoms are considered true in the truth as-
signment view. As the choice atom has no bounds, any selection satisfies the rule. He
chooses the atoms white(c(2,2)), white(c(2,3)), white(c(3,2)), and white(c(4,4))

to be true and the remaining atoms false. Using drag and drop (Figure 5.6) or the arrow
keys, this selection is made within seconds. Now Leo can simply jump through the other
rule in the generate part

black(C) :- cell(C), not white(C).

because the outcome is fixed by stepping through the choice rule.

5.2.5 Discovering the Bug

Example 5.7. After jumping through the remainder of the generate part, IS contains ex-
actly those atoms of predicates white/1 and black/1 that encode the intended solution.
Leo notices that constraint

:- black(C1), black(C2), not black_reach(C1,C2).

that implements Condition (iv) is highlighted in the editor, indicating that it has active
instances. In order to deactivate it, Leo jumps through the defining rules of the predicate
black_reach/2,

black_reach(C1,C2) :- black(C1), black(C2), adjacent(C1, C2).

black_reach(C1,C3) :- black_reach(C1,C2), black(C3), adjacent(C2,C3).

However, the constraint remains active. Leo examines the first active instance of the con-
straint in the active instances view and sees that black_reach(c(1,1),c(2,1)) was not
derived even though c(2,1) should be reachable from c(1,1). In the search for the rea-
son, Leo backtracks the last jump to examine the active instances of the first rule defining
black_reach/2 that should infer the missing atom because the cells are adjacent. It has
many active instances but Leo is interested only in the ones that derive the incriminated
atom. So he filters the instances by setting the variable C1 by typing “C1=c(1,1).” in the
“filters” field as shown in Figure 5.7. However, there is no active instance deriving the
atom! Leo notices that the atom adjacent(c(1,1),c(2,1)) is missing. So he backtracks
before the jump through the rules defining adjacent/2 and has a close look at the one
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Figure 5.7: Filtering active instances

that should derive that c(1,1) is adjacent to c(2,1)

adjacent(c(Y,X), c(Y+1,X)) :- cell(c(Y,X)), not minrow(Y).

Leo inspects its active instances and notices that Y is never substituted for 1. Conse-
quently, he realises that the boundary atom not minrow(Y) is wrong and should be re-
placed by not maxrow(Y). When Leo corrects the source code while the stepping is ac-
tive, SeaLion displays the warning shown in Figure 5.8. So he better stops the stepping
by executing the “Stop Stepping” command from the “Stepping” menu or toolbar. If Leo
wants to continue stepping from the point where it was stopped, he can simply jump
through the parts he is sure are correct.

Figure 5.8: Program Changed warning

The examples in this section demonstrate how to use Stepping to find a bug caus-
ing that an intended answer set is missing from the set of actually answer sets. In the
case when the actual output of the solver contains an answers that is not intended, a rea-
sonable debugging strategy is to use Stepping to reach the unintended answer set and
observe, which rules derive literals they were not supposed to derive, or why constraints
that were supposed to forbid such an answer set did not become active.
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6
Discussion and Future Work

Throughout this thesis, we lifted the stepping framework to real-world ASP languages,
so that it can be used for debugging of programs of Gringo and DLV. We did so by defin-
ing translation of real-world answer-set programs into so-called abstract-constraint pro-
grams and then applying Stepping to the latter. We provided a formal specification of the
input language of Gringo that allows us to define such a translation and we proved that
this specification is correct. We also proved that stepping through a resulting abstract-
constraint program is sound and complete. Finally, we described the implementation of
Stepping as the primary debugging mechanism for the integrated development environ-
ment SeaLion.

As a part of the future work, the formal specification as done for Gringo can be simply
adapted for DLV, as we describe in the following section. Moreover, recent ASP Compe-
tition [IKC13] brought forth a standard for real-world ASP languages [CFGIKKLRS12].
Such a standard solves a lot of problems caused by differences between supported lan-
guages and simplifies the task of lifting Stepping, as we discuss in the last section.

6.1 DLV

The same specification as for Gringo in Chapter 4 can be done for the input language
of DLV. In fact, it can be viewed as an adaptation of the specification for Gringo, while
DLV misses many language features that Gringo has and just a few are different. The
real-world language of DLV does not contain arithmetic functions, integrated scripting
language, nor pooled terms, and intervals are allowed only in facts with single unary o-
literal in their heads. Only language feature resembling conditions is an integral part of
DLV aggregates that are very different from Gringo aggregates. The difference is not only
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that bounds are replaced by guards with explicit comparison symbols, but also the list of
aggregated values is expressed in completely different way. In DLV aggregates, this is
done by so-called symbolic sets that consist of a sequence of variables and a sequence of
literals separated by :. The variables must be bound by some literal from the aggregate
and must not occur outside of the aggregate, so, in a sense, they are local. In a ground in-
stance of a DLV aggregate, the symbolic set is replaced by its copies obtained by applying
local substitutions to it, one copy per each substitution. When evaluating, an aggregate
function is then applied to the tuples preceding :, for which all the literals following : are
satisfied by the current interpretation. More information can be obtained from [BFILP],
however, [CFGIKKLRS12] explains DLV aggregates in more lucid way. Thus, in a sense,
the sequence of literals behaves like Gringo conditions. The important difference is that
DLV does not require that all literals following : must be evaluated during grounding. It
simply expands them using all local substitution that are ensured, due to the way active
base is collected, to produce each literal that may occur in some answer set. This means
also that only the function >Π,E(·) is sufficient for the collection of active base, and that
DLV stratification is only with respect to aggregates. Finally, the ordering of DLV terms
is different than for Gringo.

6.2 ASP-Core-2

ASP-Core-2 [CFGIKKLRS12] is a ASP language standard that ASP systems must follow
in order to be eligible for the “system track” of The Fourth ASP Competition [IKC13].
Thus, there is a good hope that many ASP systems will follow this standard, which would
significantly simplify development of support tools for these systems. In our case we
could simply specify only one real-world ASP language of ASP-Core-2 that would enable
usage of Stepping for all ASP systems that follow the standard. Additionally, specifying
such a real-world ASP language is much more simple than specifying a real-world ASP
language of Gringo, because the standard already deals with syntax, grounding, term
ordering, restrictions on valid programs and other details. ASP-Core-2 defines rules
with disjunctive heads and uses DLV-style aggregates, however, it allows also choice
rules as syntactic shortcuts (choice rules resemble Gringo rules with aggregates in head).
The standard deals with undefined arithmetics by considering only substitutions that re-
sult in well-defined arithmetic functions. The standard uses the usual notion of ground,
where an element is ground iff it contains no variables. The grounding is performed in
two phases: application of global substitutions and expansion of aggregates. Arithmetic
evaluation follows after grounding. Hence, up to terminology, this process resembles the
one we presented in Chapter 4. ASP-Core-2 also imposes stratification with respect to ag-
gregates. Unfortunately, the input language of the grounder gringo-3 does not comply
with the ASP-Core-2 standard. However, version number 4 of the grounder gringo fol-
lows this standard, so extending Stepping to ASP-Core-2 is a good subject for the future
work.
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A
The Source Code of the Example

Program for Stepping

Listing A.1: Nurikabe
1 % INPUT %

2 % Having a grid of cells, some of which contain natural numbers,

3 row(1..4).

4 col(1..4).

5 number(c(3,2), 3).

6 number(c(4,4), 1).

7

8 % DEFINE %

9 cell(c(Y,X)) :- row(Y), col(X).

10

11 maxcol(X) :- col(X), not col(X+1).

12 maxrow(Y) :- row(Y), not row(Y+1).

13 mincol(X) :- col(X), not col(X-1).

14 minrow(Y) :- row(Y), not row(Y-1).

15

16 adjacent(c(Y,X), c(Y-1,X)) :- cell(c(Y,X)), not minrow(Y).

17 adjacent(c(Y,X), c(Y,X+1)) :- cell(c(Y,X)), not maxcol(X).

18 adjacent(c(Y,X), c(Y+1,X)) :- cell(c(Y,X)), not minrow(Y).

19 adjacent(c(Y,X), c(Y,X-1)) :- cell(c(Y,X)), not mincol(X).

20

21 % GENERATE %

22 % (i) each cell is either black or white,

23 {white(C) : cell(C)}.

24 black(C) :- cell(C), not white(C).

25
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26 % CHECK %

27 % (ii) cells with numbers are white,

28 :- black(C), number(C,_).

29

30 % (iii) there are no 2x2 blocks of black cells,

31 :- black(c(Y,X)), black(c(Y+1,X)), black(c(Y,X+1)), black(c(Y+1,X+1)).

32

33 % (iv) all black cells are transitively connected ,

34 black_reach(C1, C2) :- black(C1), black(C2), adjacent(C1, C2).

35 black_reach(C1, C3) :- black_reach(C1, C2), black(C3), adjacent(C2, C3).

36 :- black(C1), black(C2), not black_reach(C1, C2).

37

38 % (v) each maximal group of white cells that are transitively connected

39 % must contain exactly one cell with a number;

40 % this number must be the number of cells in the group,

41 group(C, C) :- number(C, _).

42 group(C1, C2) :- group(C3, C2), adjacent(C3, C1), white(C1).

43

44 :- number(C1, N), not N{group(C2, C1) : cell(C2)}N.

45

46 in_group(C) :- group(C, _).

47 :- white(C), not in_group(C).

48

49 :- white(C1), not 1{group(C1, C2) : number(C2, _)}1.
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